
PHYS 302 Spring 2014 4th Homework Assignment. Due Wed March 19 at
Lecture.

1. Lagrangian mechanics. Consider the following object that is called the action

S[q] =

∫ ts

tb

dt′L(q(t′), q̇(t′))

where the function L called the lagrangian depends on a coordinate (implicitly
time dependent) and its derivative. Assume there is no explicit time dependence
in the lagrangian for now. The notation S[q] is to denote that S is not simply
a function that gives a number given a number but a functional that gives a
number given a function. Assume also that the initial and final condition on
the functions q(t) are fixed: That is one has q(tb) = qob and q(ts) = qos.
Now assume we slightly perturb a given function q(t) as q(t)+ δq(t) keeping the
boundary conditions intact: That is we impose δq(tb) = δq(ts) = 0. Show that
one has to first order in δq,

S[q + δq]− S[q] =

∫ ts

tb

dt′
[
∂L

∂q(t′)
− d

dt′

(
∂L

∂q̇(t′)

)]
δq(t′) + higher order in δq

here ∂L/∂q and ∂L/∂q̇ means partial derivatives with respect to q and q̇ con-
sidering them linearly independent degrees of freedom.
The principle of extremum action is that the variation of S with respect to q
vanishes to first order in δq and thus this gives equations that q(t) has to satisfy.
These are called Euler-Lagrange equations and are given by

d

dt

(
∂L

∂q̇

)
=
∂L

∂q

If the function L depends on a series of co-ordinates and their first time deriva-
tives we simply have the same structure for all these co-ordinates. That is

d

dt

(
∂L

∂q̇i

)
=
∂L

∂qi

if L depends on qi(t) and q̇i(t) for i ∈ {1, 2, · · ·M}.
The final observation is that if L is taken to be

L = K − V

where K is the kinetic energy and V is the potential energy in terms of qi and
q̇i, the principle of extremum action yields the Newton equations of motion for
these co-ordinates.

One final and very important remark is the following: If the lagrangian does
not depend on a co-ordinate qa, then the equations read

d

dt

(
∂L

∂q̇a

)
= 0

and thus the following quantity
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pa ≡
∂L

∂q̇a

which is called the canonical momentum associated with qa, is constant in time.
Thus the lagrangian method provides us with a great tool in assessing the con-
served quantities of the problem.

1-0. There is one quantity that one can show to be a constant for any given
lagrangian. For simplicity let us assume there is only one co-ordinate q(t). The

lagrangian is a function of the form L(q(t), (̇q)(t)) and we define

p(t) ≡ ∂L

∂q̇(t)

Now let us construct the quantity

E = pq̇ − L

Show that if the Euler-Lagrange equations are satisfied one has

dE

dt
= 0

Remember the chain rule when taking the exact time derivative.
1-1. Consider a single particle with mass m under the influence of a potential

V (x, y, z). The kinetic energy is simply m
2

(
ẋ2 + ẏ2 + ż2

)
. Show that one gets

mẍ = −∂V
∂x

mÿ = −∂V
∂y

mz̈ = −∂V
∂z

which of course can be collected as m~a = −~∇V
Show for this lagrangian that the quantity defined in the last part of the previous
section

E = pxẋ+ py ẏ + pz ż − L

can be written as

E =
p2x + p2y + p2x

2m
+ V (x, y, z)

which is the total mechanical energy in terms of the co-ordinates and the canon-
ical momenta.

1-2. Consider a particle in 2D space, which is under the influence of a
potential which depends only on the radial distance ρ. Express the lagrangian,
using polar co-ordinates x = ρ cos(φ) and y = ρ sin(φ). Then, find the equations
of motion for ρ and φ. What is the conserved quantity -other than the total
energy which is K + V ?
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2. Consider a homogeneous cone of mass M , base radius R and height H.
Choose a co-ordinate system such that the tip of it is placed in the origin and
its base is upside down such that the z axis passes through the axis of symmetry
of the cone. Calculate the moment of inertia tensor. Note that this looks like
the usual top you can find everywhere.

3. A solid sphere of mass M and radius R rotates freely in space with
angular speed ω about a fixed diameter. A particle of mass m, initially at one
pole (along the rotation axis) moves with a constant speed v (with respect to
the sphere) along a great circle of the sphere. Show that when the particle has
reached the other pole, the rotation of the sphere will have been retarded by an
angle

α = ωT (1−
√

2M

2M + 5m
)

where T is the total time required for the particle to move from one pole to the
other.

4. Do a literature search and explain how a cat can always land on its feet
when dropped from a position at rest with its feet pointing upward. Estimate
the minimum height a cat needs to fall in order to execute such a maneuver.
Discuss this ability in terms of the generic sizes of the cats and the generic ratio
of this size to the generic heights they can fall, from an evolutionary perspective.
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