
PHYS 302 Spring 2014 5th Homework Assignment. Due Wed March 26 at
Lecture.

The following are necessary equations for the study of a rigid body fixed at
one point, in the presence of a gravitational field ~g

pψ =
∂L

∂ψ̇
= I3

(
φ̇ cos(θ) + ψ̇

)
= I3ω3 (1)

pφ =
∂L

∂φ̇
= Iφ̇ sin(θ)2 + pψ cos(θ) (2)

Note that pψ = ~L · ê3 and that pφ = ~L · ẑ: They are respectively the
components of the angular momentum along the symmetry axis of the body -in
the body fixed frame- and along the vertical direction in the space fixed inertial
frame.

The equations of motion for the azimuthal angle is,

Iθ̈ = −dVeff(θ)

dθ
(3)

where

Veff(θ) =
(pφ − pψ cos(θ))

2

2I sin2(θ)
+Mgl cos(θ) (4)

where h is the distance from the fixed point to the center of mass. The equation
above provides us with a third conserved quantity,

Ẽ ≡ ETOT −
1

2
ω3

2 =
1

2
I
(
ω1

2 + ω2
2
)

+Mgl cos(θ) (5)

remember that ETOT is the total energy of the system, and of course

Ẽ =
1

2
Iθ̇2 + Veff(θ) (6)

And the total energy which is conserved can also be written as

ETOT =
1

2
I3ω3

2 +
1

2
I
(
φ̇2 sin2(θ) + θ̇2

)
+Mgh cos(θ) (7)

It might be useful to also remember that in terms of the Euler’s angles the
components of the angular velocity on the body fixed frame are given as

ω1 = φ̇ sin(θ) sin(ψ) + θ̇ cos(ψ) (8)

ω2 = φ̇ sin(θ) cos(ψ)− θ̇ sin(ψ) (9)

ω3 = φ̇ cos(θ) + ψ̇ (10)

Note that the angle θ is the angle between the positive k̂ line an the line
that starts from the fixed point of the object -the origin- and that passes from
the center of mass, that is cos θ = k̂ · ê3, it is smaller than π radians. Also the
angle φ measures the relative orientation of the projection of the body axis with
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respect to the ı̂ axis of the fixed frame. Finally the angle ψ tells us about the
rotations about the body symmetry axis ê3.

1. Let I3 = 0. This represents a rigid rod say of mass M and length L. Note
that the angle ψ is completely out of the game and you can ignore it totally.
Also for simplicity assume that the rod is fixed at one tip, that is if its length
is L then h = L/2.

1-a. Assume that φ(0) = 0, φ̇(0) = 0, θ̇(0) = 0 and θ(0) = θ0. Describe
the motion of the system. Does it look like a system you already know? Where
is the stable equilibrium point? Find the frequency of small oscillations about
that point. Hint: It will be better to use a new variable θ̃ = π − θ.

1-b. Find solutions for which θ(t) = θo. Do they look like a system you
already know?

1-c. Now that you have identified systems that you know in 1-a and 1-b,
treat them without resorting to the general formalism we developed. That is
use standard f=ma techniques and usual intuitions as if you are solving those
in high school.

2. Now do not assume I3 = 0. But assume that you have a homogeneous
cylinder of height H of radius R and of mass M fixed at the center of the base,
that is h = H/2. Find I and I3 for this system. Now try to find solutions that
are essentially similar to 1-a and 1-b. Discuss the behaviour of the angle ψ in
this generalization.

3. Now consider a particle of mass m which is constrained to move without
friction on the inner surface of a spherical bowl of radius R in the presence
of ~g = −gk̂. The constraint can be imposed as follows using the spherical co-
ordinates (since again the angle ψ is of no importance these angles are essentially
the same as Euler’s angles)

x = R cos(φ) sin(θ) (11)

y = R sin(φ) sin(θ) (12)

z = R cos(θ) (13)

Show that the lagrangian is

L =
m

2

(
ẋ2 + ẏ2 + ż2

)
−mgz

and describe it in terms of the angles and their time derivatives.
After that try to find solutions with the same initial conditions as in 1-a and

1-b. Discuss the essential differences between those two systems.

3. This is a walk through of the general treatment we have done in class for
the symmetric top. You will need to fill in some gaps. To connect with the
notations we have used in class I shall use the name I3ω3 for pψ as they are
equal.
3-a. Take the derivative of Eq.7 and that of Eq.2 while not expanding I3ω3 in
terms of its dependencies to arrive at the following equations,
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Iφ̈ sin2(θ) + 2Iφ̇θ̇ cos(θ) sin(θ)− I3ω3θ̇ sin(θ) = 0 (14)

Iφ̇φ̈ sin2(θ) + Iφ̇2θ̇ cos(θ) sin(θ) + Iθ̇θ̈ −Mghθ̇ sin(θ) = 0 (15)

Now multiply the first equation above with φ̇ and subtract the second equa-
tion to get

Iθ̈ =
[
Mgh− I3ω3φ̇+ Iφ̇2 cos(θ)

]
sin(θ) (16)

Of course there are other ways to arrive at this equation. Now it is clear
that if we want θ(t) = θo 6= 0 for all times the term in the parenthesis above
has to vanish. This gives two solutions. Show that these are

φ̇ =
I3ω3

2I cos(θo)

(
1±

√
1− 4MghI cos(θo)

I3
2ω3

2

)
(17)

For a top on a table we have cos(θ) > 0 and thus there is a condition on ω3

which is given as

ω3 >

√
4MghI cos(θo)

I3
2 ≡ ω3min(θo) (18)

Note however that if the system is not a top on a table but say an object
fixed at the tip but otherwise free to move on any angle, there is no such limit.

Now assuming that ω3 >> ω3min(θo) we can expand the square root and
arrive at two solutions

φ̇1 ≈ Mgh

I3ω3
≡ ωp fast precession� ω3 (19)

φ̇2 ≈ I3ω3

I cos(θo)
≡ ωsp slow precession ∼ ω3 (20)

Now slow precession and small changes in θ are generically what we see in the
motion of our top. To that end use Eq.14 and Eq.16 to arrive at the following
assuming that any terms containing φ̇2 ,θ̇2 and φ̇θ̇ can be omitted in relation to
other terms.

φ̈ sin(θ) ≈ ωlθ̇ (21)

θ̈ ≈ ωl(ωp − φ̇) sin(θ) (22)

where ωl ≡ I3ω3/I.
Now take the time derivative of Eq.21 and use Eq.22 to arrive at

d2

dt2
φ̇ = ω2

l ωp − ω2
l φ̇ (23)

Show that the following is a solution of Eq
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φ̇ = ωp + a cos(ωlt+ α)

where a and α will be fixed with initial conditions.
If we take φ̇(0) = ωo, φ(0) = 0, θ̇(0) = 0 and θ(0) = θo show that this gives

φ̇ = ωp − (ωp − ωo) cos(ωlt)

thus show that we het

φ(t) = ωpt−
(
ωp − ωo
ωl

)
sin(ωlt) (24)

Using this solution in Eq.21 with the further approximation that sin(θ) ≈
sin(θo) show that one gets

θ(t) = θo +

(
ωp − ωo
ωl

)
sin(θo) [1− cos(ωlt)] (25)

Note that the frequency of the nutation -oscillations of θ about θo- is large
whereas the amplitude of oscillations is small.

Now using φ(t) and θ(t) thus obtained make a parametric plot (θ(t), φ(t))
using a computer aided package. Pick to visualize, take the value of ωo form
the set

{−ωp, 0, ωp/2, ωp, 3ωp/2, 2ωp, 3ωp}

and provide the plot for all choices.
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