
PHYS 302 Spring 2014 5th Homework Assignment. Due Wed Apr 9th at Lec-
ture.

1. Consider the following differential equation

ẍ+ 2bẋ+ ω2
ox = 0

where b and ωo are positive constants and x(t) is the dependent variable.
-Prove that when b2 6= ω2

o the solution to the differential equation is

x(t) = e−bt
[
Aeαt +Be−αt

]
where α =

√
b2 − ω2

o .
-Prove that when α = 0 the solution to the differential equation is

x(t) = e−bt
[
Ã+ tB̃

]
1.1 The notion of phase diagrams.
1.1.1 For this part of the exercise we shall assume b = 0, that is no friction.
Show that when x(0) = L and ẋ(0) = 0 the solution is x(t) = L cos(ωot).
Now consider another variable y(t) = ẋ(t)/ωo and make a plot of y versus x
as time goes by. This is mathematically called parametric plot and physically
called a phase diagram -since at a given time the state or phase of the system is
completely defined by the position and the velocity of the particle- you should
be able to plot it either yourselves or via aid from mathematical computer
packages. See that the curve on the diagram closes on itself.
1.1.2 Now we shall assume for definiteness 2b2 = ω2

o -note that α is still pure
imaginary in this case. Assume x(0) = L and ẋ(0) = 0 and repeat the procedure
in 1.1 -when defining the y variable it is of course better here to divide ẋ not with
ωo but with the frequency of oscillations of the system. See that the diagram
does not close on itself but spirals towards the origin as time goes by. Interpret
this situation in terms of physical notions.

2. Consider the following differential equation

ẍ+ 2bẋ+ ω2
ox = A0 cos(ωt)

Prove that the general solution to this equation is

x(t) =
A0√

(ω2
o − ω2)2 + 4ω2b2

cos(ωt− δ) + e−bt
[
A1e

αt +A2e
−αt]

where as usual α =
√
b2 − ω2

o and A1 and A2 are constants to be fixed via initial
conditions. We also have

tan(δ) =
2ωb

ω2
o − ω2

3. Three particles of masses m, m and M are constrained to move on a ring
of radius R without friction. They are connected next to next by springs that
stretch along the ring. All springs have constant k and their equilibrium lengths
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are 2πR/3. Using the matrix methods we have used in lecture find all the
characteristic frequencies of the system and the normal modes -the eigenvectors
associated with those characteristic systems. Along the way you will have to ma-
nipulate your variables via a diagonal matrix of entries {1/

√
m, 1/

√
m, 1/

√
M}

such that at the end you end up with the following type of equation

Q̈ = −K.Q

where Q is a column vector for your variables and K is a SYMMETRIC 3x3
matrix.

In particular digress about M = m and M →∞ from physical principles.
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