
PHYS 302 Spring 2014 7th Homework Assignment. Due Wed Apr 16th at
Lecture.

1. Consider an infinite chain of identical masses connected to each other with
identical springs. We shall assume that, sitting on a table they are free to move
only along one space dimensions. If each mass is m, each spring constant is
k and each spring has equilibrium length Lo argue hat the lagrangian of the
system is

L =

∞∑
n=−∞

[
1

2
mq̇2n −

1

2
k(qn − qn−1 − Lo)2 − 1

2
k(qn+1 − qn − Lo)2

]
since the chain is infinite we labelled masses from n = −∞ to n = ∞. Now
pick a different set of variables for the particles’ locations in the form qn(t) =
nLo + η(n, t). Where η(n, t) measures the displacement of the masse n from
the equilibrium position nLo. Using these variables show that the equations of
motion take the form

mη̈(n, t) = −k [−η(n+ 1, t)− η(n− 1, t) + 2η(n, t)]

If we denote the equilibrium position of the particles by a variable x, which
simply is their position along the chain you can write the equation above as

mη̈(x, t) = −k [−η(x+ Lo, t)− η(x− Lo, t) + 2η(x, t)]

Now show, using Taylor approximation that

η(x± Lo, t) ≈ η(x, t)± Lo
∂η(x, t)

∂x
+

1

2
L2
o

∂2η(x, t)

∂x2
+ higher order in Lo

Now plug these approximations in the exact equation to get the following

∂2η(x, t)

∂t2
=
kL2

o

m

∂2η(x, t)

∂x2

We shall assume that in this limiting case -we shall talk about it later- the
parameters k, m and Lo combine in such a way that one has a finite quantity
and one will have

∂2η(x, t)

∂t2
= v2

∂2η(x, t)

∂x2

where v is a quantity that has the dimensions of length. This equation is called
the one-dimensional linear wave-equation. In the system we use the displace-
ments of the masses are parallel to the propagation line and thus this type of
waves are actually called longitudinal waves. A similar system that we shall
describe in the future consists of a string under a tension but the displacements
of the particles from the equilibrium position are vertical to the propagation
line -like what happens -well mostly :)- in a guitar string- and are called trans-
verse waves. Another type of transverse wave is as you have seen in 202 are
electromagnetic waves where the electric and magnetic fields oscillate along the
direction which is perpendicular to the direction of propagation of radiation.

1



On the other hand sound propagation in air -which is a pressure wave- is a
longitudinal wave.

Assuming that the medium is really infinite we are now disregarding the
boundary conditions except that we shall assume that the displacement η(±∞, t) =
0 for all finite times.

Show that the following describes the most general solution for this equation

η(x, t) = F (x− vt) +G(x+ vt)

Argue unambiguously that F (x − vt) describes a wave form which moves
to the right and G(x + vt) describes a waveform which moves to the left and
thus argue that v describes the propagation velocity of the waveforms. If for
simplicity we assume that we only have either solution argue that the shape of
the form never changes, it just moves with velocity v. So there seems to be no
dissipation: Hardly surprising because the forces that yield this motion are all
conservative forces that can be described with potentials.

Now define the following quantity,

E ≡
∫ ∞
−∞

dx
1

2

[(
∂η

∂t

)2

+ v2
(
∂η

∂x

)2
]

Show that if η satisfies the equation and that it and all its first partial
derivatives vanishes at spatial infinities one has dE/dt = 0.
1.1 Now let us consider the case with boundaries. The equation is not changed
but we would like to impose the condition that η(x = 0, t) = η(x = L, t) = 0.
This is physically equivalent to the situation that the first and the last mass in
the chain are infinite - the system is connected to walls from both ends. This is
a canonical example of central importance not only in classical mechanics but
also in quantum mechanics.

To this end let us assume the following for the solution

η(x, t) = ψ(x)φ(t)

show that the equation will require

φ̈

φ
= v2

ψ′′

ψ

so φ̈/φ and ψ′′/ψ are constants. Let us assume

φ̈ = −ω2φ

this will give

ψ′′ = −k2ψ

here k ≡ ω/v is called the wave number and it is not to be confused with the
spring constant.
Show that under the prescribed boundary condition the most general solution
for ψ can be brought to the following form

ψ(x) =

√
1

L

∞∑
n=1

cn sin
(nπx
L

)
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where cn are arbitrary constants to be fixed via initial conditions. The above
solution means that k = nπ/L where n is a natural number.
show also that the most general solution for φ is

φ(t) = A cos(ωt) +B sin(ωt)

And thus the final solution reads -since ω = kv-

η(x, t) =

√
1

L

∞∑
n=1

sin
(nπx
L

)[
an cos

(
nπvt

L

)
+ bn sin

(
nπvt

L

)]
Of course to truly define the solution we have to provide two initial condition

functions. These are usually chosen to be η(x, 0) and η̇(x, 0. Argue that this
approach is identical to the initial value problem in classical mechanics: We
must provide the positions and velocities -that is the full state of the system-
at t = 0.

Show, using the addition and multiplication formulas of the trigonometric
formulas that the above general solution can be brought into the form

η(x, t) = F (x− vt) +G(x+ vt)

that is express F and G in terms of sine’s and cosine’s of the solution we have
found.
A side exercise

Let us define the following function

ψn(x) ≡
√

1

L
sin
(nπx
L

)
Show that ∫ L

0

dx ψx(x)ψm(x) = δmn

assume you are explicitly given η(x, 0) = f(x) and η̇(x, 0) = g(x). Using the
above functional orthogonality under integration find integral expressions for an
and bn in terms of the ψn and f and g.

2 See Figure.

A block of mass M is free to move on a horizontal table attached to it is
a string of length L and of negligible mass. To the other end of the string a
bob -point particle for practical purposes- of mass m is attached. Assume to
blob is free to move on the plane of the paper only and there is gravitational
field ~g = −ĝ. Taking the level of the horizontal plane to be zero y co-ordinate
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write down the Lagrangian of the system in Cartesian co-ordinates and find the
equations of motion that result. Do not attempt to solve these equations.
2-1 Assume the horizontal position of the block in the previous system is forced
to be

xB(t) = cos(ωt)

via an external agent. That is consider this given. Now write down the equations
of motion for the blob and solve them. Remember the previous homework
assignment.

3 A simple pendulum consists of a bob of mass m suspended by a massless
string of length l. From the bob of this pendulum is suspended a second iden-
tical pendulum. Considering the case of small amplitude oscillations find the
characteristic frequencies of this system. Find also the normal modes associated
with these frequencies.

4 Consider two simple pendulum attached to each other as in the previous ex-
ample. But his time the second pendulum has l′ and m′. Repeat the procedure.
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