
PHYS 302 Spring 2014 Midterm 1 Solutions

1. This problem is 7.1 of Kleppner and Kolenkow. It is a kinematical exercise
in that you are given the motion and asked the total angular velocity vector and
from that the angular momentum vector. In essence it is similar to a problem
giving you that a particle is moving with constant speed between two given
points at a given time and asking its velocity vector and momentum vector.
But it is an instructive exercise in that you could have approached it in many
different ways.

First of course since the radius of the hoop and the length of the axle are the
same you can immediately say that the angular speed of spin about the axis of
symmetry of the hoop is equal to that of the angular speed of the hoop about
the vertical axis. This gives us via the right hand rule,

~ω(tF ) = −Ω̂+ Ωk̂

where tF refers to the instant at which the configuration at the figure is realized.
First let us calculate the angular momentum with respect to the center of

mass of the hoop at the instant tF . Place an inertial frame there at this instant
and to be convenient pick ê3 = ŷ, ê2 = ı̂ and ê1 = ̂, this identification is right-
handed and now you can use the moment of inertia tensor provided in the hints.
A simple evaluation will yield

~LP ′(tF ) = −mR2Ω̂+
1

2
mR2k̂

Here P ′ refers to the location of the center of mass of the hoop at the instant
tF which is of course {x = 0, y = R, z = R}.

If you wanted to calculate it with respect to the point P where the axle meets
the z axis, you can use the parallel axis theorem and use the moment of inertia
tensor provided in the hints. The point P has co-ordinates {x = 0, y = 0, z = R}.
It is a bit more natural for this problem. The result is

~LP (tF ) = −mR2Ω̂+ (mR2 +
1

2
mR2)k̂

The addition on the last term comes from the parallel axis theorem and you
could have interpreted it like this: The motion of a rigid body is the motion of
the center of mass and rotations about the center of mass. Well the center of
mass performs uniform circular motion of radius R this gives a contribution of
the form mR2k̂ since it is a point particle. But the hoop itself, while its center
of mass rotates about the axis also rotates about an axis parallel to the z axis
which passes through its center of mass and this brings the factor mR2k̂/2. The
first piece is due to spin for both points P and P ′ and are equal since both P
and P ′ are along the body symmetry axis.

Note that in every case you will find that the angular momentum vector
is not parallel to angular velocity vector since the moments of inertia of this
system are not ALL equal.

You did not have to express all the details above. You can just say that
because of the symmetry of the object moment of inertia tensor is diagonal with
respect to certain points in the figure but it is not a multiple of the identity
matrix.
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Extra Exercise Now as a side exercise please attempt this problem using the
Eulerian angles we have used to describe the motion of a symmetric top. Use
the expressions we showed for ω1, ω2 and ω3 in terms of φ, ψ, and θ = π/2 for
this problem. This should give you ~ω for all times easily and from there you
can find the angular momentum for either point P or P ′.

2. This is an exercise that you solved in one of the homework assignments. The
key point is to remember that the precession angular velocity is much smaller
than the spin angular velocity of the gyroscope. To this end one can assume that
spin angular momentum constitutes almost all of the total angular momentum.
The equations relevant are the following -note that the length of the string is
marked L somewhat unfortunate-

T cosβ = Mg

T sinβ = MΩ2(l + L sinβ)

τp = (l + L sinβ)Mg − T cosβ L sinβ

τp = = IoωsΩ

T is the tension on the string. The first equation balances the system on
a horizontal plane and it is the force equation along the vertical. The second
equation tells that the gyroscope’s center of mass performs a uniform circular
motion about the vertical with angular speed Ω and of radius l + L sinβ. The
last 2 equations are the torque equations about the point where the line of the
axle meet the vertical -straight down the hinge that holds the string-. Since
torque is the agent that rotates the full angular momentum and since we have
assumed that the total angular momentum is approximately the spin angular
momentum the time derivative of it is Ω times itself where itself is Ioωs.

From those equations one can arrive at the following

tanβ =
M2gl3

I2
oω

2
s

(
1 +

L

l
sinβ

)
Since β will be small tanβ ≈ β and the lowest order correction is

β ≈ M2gl3

I2
oω

2
s

3. This is another exercise that you solved in detail in one of the homework
assignments. Now if you have a perfect score in that homework and failed this
one without a shred of significant effort this will unfortunately be regarded as
a smoking gun.

The Euler equations of motion for a rigid body were not explicitly given in
the hints but they actually follow from the following(

d~L

dt

)
inertial

=

(
d~L

dt

)
body fixed

+ ~ω × ~L

Since you are given that there are no external forces the left hand side
vanishes due to Newton’s equations and you are left with
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I1ω̇1 = (I2 − I3)ω2ω3

I2ω̇2 = (I3 − I1)ω3ω1

I3ω̇3 = (I1 − I2)ω1ω2

You will have to figure out the moments of inertia for the welded compound
rigid body. Hints will give

I3 =
2

5
MR2 +mR2

I1 =
2

5
MR2 +

1

2
mR2

I2 =
2

5
MR2 +

1

2
mR2

In the above the first terms are due to the sphere and the rest are due to the
hoop welded at the equator and since this way the center of mass does not
change we were allowed to add in this simple way.

Note that I1 = I2 ≡ I and this means

ω3(t) = ωo a constant

The remaining equations are

ω̇1 = −Ω ω2

ω̇2 = +Ω ω1

where we have defined

Ω =
I3 − I
I

ωo =
x

1 + x
ωo < ωo with x =

5m

4M

The solutions can easily be found to be

ω1 = ω̄ cos(Ωt)

ω2 = ω̄ sin(Ωt)

Thus

~ω(t) = ωoê3 + ω̄ cos(Ωt)ê1 + ω̄ sin(Ωt)ê2

4. The Lagrangian of the system is

1

2
mẋ2

1 +
1

2
mẋ2

2 −
1

2
k (x1 − Lo)

2 − 1

2
k (x2 − x1 − Lo)

2 − 1

2
k (3Lo − x2 − Lo)

2

You could if you wanted write down the equations of motions with respect
to these co-ordinates. The following transformation makes it look a bit better
where the positions are replaced by shifts from the equilibrium position
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x1 = Lo + q1

x2 = 2Lo + q2

In terms of these the lagrangian is

1

2
mq̇2

1 +
1

2
mq̇2

2 −
1

2
kq1

2 − 1

2
k (q2 − q1)

2 − 1

2
kq2

2

The equations of motion will follow from the Euler-Lagrange equations and
in matrix form they will read -you did not need to convert it to the matrix form
if you did not wanted to,(

q̈1

q̈2

)
= −ω2

(
2 −1
−1 2

)(
q1

q2

)
The characteristic frequencies can be found via the eigenvalues of the sym-

metric matrix on the RHS. The eigenvalues are 3 and 1 and thus the character-
istic frequencies are

ω1 = ω and ω2 = ω
√

3
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