
PHYS 311 FALL 2015 HWA 10. Due Fri. Dec. 18th. Before the 2nd midterm.

Operators and commutation relations and Ehrenfest theorem
We have seen that Schrödinger’s equation is equivalent to setting P →

−ih̵∂/∂x andH → ih̵∂/∂t. This along with the knowledge that in non-relativistic
physics the energy function is H = P 2/2m + V (X) give the equation we were
working on for some time

ih̵
∂Ψ

∂t
= − h̵

2

2m

∂2Ψ

∂x2
+ V (x)Ψ

Remember that one of the postulates of quantum physics is that to every
observable there corresponds a hermitean operator (an operator is a generaliza-
tion of a matrix and hermitean as you know means that the eigenvalues are all
real).

In this assignment we shall consider the non-commutativity properties of
these operators that correspond to observables.

First of all let us recall the inner product we have defined in one of the
supplemental materials;

(Ψ,Φ) ≡ ∫
∞

−∞
dx Ψ∗(x, t)Φ(x, t)

where Ψ and Φ are smooth functions that vanish sufficiently rapidly at infinities
and consequently their derivative of arbitrary order do so as well.

Now the adjoint -that is the hermitean conjugate- of an operator A is defined
with respect to this inner product in the following way

(Φ,A�Ψ) = (Ψ,AΦ)
Show that the operator X which simply means in this context to multiply

with the variable x is a hermitean operator.
Show that the operator −ih̵∂/∂x is also a hermitean operator. Hint: Use the

definition and the integration by parts remembering the vanishing conditions
on the wavefunctions.

Show that the operator ih̵∂/∂t is also a hermitean operator.
Now let us remember the following theorem from the theory of linear opera-

tors acting on a linear vector space (you probably know all of this from matrix
algebra course). The eigenvalues of a hermitean operator -hermiticity defined
with respect to an inner product- are all real and the eigenvectors associated
with these eigenvectors are orthogonal under the mentioned inner product.

We now realize why we have quantum physics has the structure it has for
internal consistency. An observable should by definition be something that gives
real velued results in an experiment and the observed states of the system after
the measurement should also be associated with those observed values.

Anyways. We have to live with those operators and as you would remember
from matrix algebra different matrices do not commute under matrix multipli-
cation. Here this means that the order of operators are important.

The measure of departure from commutativity of two operators A and B is
the commutator defined as

[A,B] ≡ AB −BA
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Show that one has [B,A] = −[A,B] and that [A,BC] = A[B,C] + [A,B]C
and [AB,C] = A[B,C] + [A,C]B. Also for three non-commuting operators
show that one has

[A, [B,C]] + [C, [A,B]] + [B, [C,A]] = 0

which is called the Jacobi identity.
Now calculate first [P,X]. Hint P acting on a function of would give Pf(x) =

−ih̵f ′ and X acting on a function would give Xf(x) = xf(x) -we say we are
in a basis where X is diagonal. Now using the results above act [P,X] on an
arbitrary function of x. This should give the result.

Now calculate [P 2,X] and using this generalize to [Pn,X]. Now calculate
[P,X2] and using it generalize to [P,Xm].

Using these calculate [P,V (x)] if V (x) has a Taylor series expansion near
0. Repeat for [H,P ] and [H,X] where H is given in the beginning.

Now let us remember the Ehrenfest theorem we have shown in class. Given
a wavefunction Ψ and an operator A -which for simplicity we assume not to
have explicit time dependent- one has the following

ih̵
d

dt
⟨A⟩Ψ = ⟨ [A,H] ⟩Ψ

Now using the results found so far repeat the proof of the theorem. That is
show that

d

dt
⟨X⟩Ψ = 1

m
⟨P ⟩Ψ

and that
d

dt
⟨P ⟩Ψ = −⟨V ′(X)⟩Ψ

Which state that classical equations of motion are obeyed by the expectation
values of operators. This does not mean that the objects < X > and < P > will
end up being to have the same solution as the classical quantities. This can not
be because

< V ′(X) >≠ V ′(<X >)
But only for V (x) = kX2/2 one has V ′(X) = kX and hence < V ′(X) >=

V ′(<X >). That is what makes the harmonic oscillator system to be so central
in quantum physics at least for the correspondence of quantum mechanics to
classical physics.

Now let us consider the particle in a box system. We have already mentioned
that this system is a bit of an extreme case because even in classical physics the
force on a particle can not be defined for all times; it can only be defined in a
time average sense -remember the ideal gas arguments from previous courses.
The potential being zero in the middle of the box and infinite at the borders
of the box means that one has a singularity on the derivative of the potential.
This makes it a rather peculiar system both for classical and quantum physics.

For instance one could assume that since H = P 2/2m for the particle in a
box one should have ihd < P > /dt = 0 since [H,P ] = 0. But this is not true even
in classical physics because we already now that classically for a particle in a
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box momentum of the particle is not a conserved quantity: It goes to the left
and then to the right. It is the ∣p⃗∣ which is conserved and this is an important
issue. But as we shall see below this curious situation in classical physics surely
carries over to quantum physics.

Let us consider the following situation: Somehow we are given that the state
of the system is

Ψ(x, t) = 1√
2

⎡⎢⎢⎢⎢⎣
e−iE1t/h̵

√
2

L
sin(πx/L) + e−iE2t/h̵

√
2

L
sin(2πx/L)

⎤⎥⎥⎥⎥⎦

where En = h̵2π2n2/2mL2.
Show that

⟨X⟩Ψ = L
2
− 16L

9π2
cos(ωt)

with ω = 3h̵π2/2mL2.
Show also that

⟨P ⟩Ψ = 8h̵

3L
sin(ωt)

Now show that one has

d

dt
⟨X⟩Ψ = 1

m
⟨P ⟩Ψ

Now calculate to show that

d

dt
⟨P ⟩Ψ = 4h̵2π2

mL3
cos(ωt)

So as in the classical particle in a box this changes direction.
We can get a bit more intuition. Express the result above in terms of <X >.

You should get

d

dt
⟨P ⟩Ψ = 3ωh̵π2

2L
(L

2
− ⟨X⟩Ψ)

The right hand side looks like the average of a function given as

FΨ(X) = 3ωh̵π2

2L
(L

2
−X)

The function depends on the state because it has the parameter ω depends
on Ψ. But note that it represents a recalling force towards the middle of the
box. With this we surely get

d

dt
⟨P ⟩Ψ = ⟨F (X)⟩Ψ

But we must always remember that in this case we had o define a force that
depends on the state.

The situation is qualitatively the same in classical physics: the force on the
particle in a collision with the wall depends on its own energy because the wall
reflects with an impulse ∆p = 2p.
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