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Operators and commutation relations of angular momentum
The prescription to acquire Schrö dinger’s equation can be summarized as

the following operator identifications;

H ←→ ih̵
∂

∂t
and P⃗ ←→ −ih̵∇⃗

Show that with these identifications one will have the following fundamental
commutation relations

[Xi,Xj] = 0

[Pi, Pj] = 0

[Pi,Xj] = −ih̵δij

where δij = 1 if i = j and zero otherwise.
Once we accept these the quantum description of angular momentum leaves

no choice and we set

L⃗ = X⃗ × P⃗
where × denote the vector product.

Show explicitly that one will get the following commutators for the compo-
nents of L⃗.

[Lx, Ly] = ih̵Lz

[Lz, Lx] = ih̵Ly

[Ly, Lz] = ih̵Lx

If two operators to dot commute we have the following uncertainty relation

(∆A)Ψ(∆B)Ψ ≥ 1

2
∣⟨[A,B]⟩Ψ∣

for a given state wave function Ψ. We have of course used the following defini-
tions here

⟨[A,B]⟩Ψ = ∫ d3xΨ∗[A,B]Ψ

and

(∆A)Ψ
2 = ∫ d3xΨ∗A2Ψ − (∫ d3xΨ∗AΨ)

2

We thus realize that it is not generally possible to measure -or to have definite
values- all three components of the angular momentum vector simultaneously.

In particular there will NOT be a state that satisfies

L⃗Ψ = l⃗Ψ

with l⃗ a real 3-vector; the eigenvalue of L⃗.
With these new operators we can calculate many things to understand their

properties. One of the most important one is what they really do. To that end
consider
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Lz = xpy − ypx = −ih̵(x ∂
∂y

− y ∂
∂x

)

Show that one has the followings

(Lzz) = 0

(Lzx) = ih̵y

(Lzy) = −ih̵x

From these show that the operator defined as Uz(φ) ≡ exp(iφLz/h̵) does the
following

(Uz(φ)z) = z

(Uz(φ)x) = x cos(φ) − y sin(φ)
(Uz(φ)y) = y cos(φ) + x sin(φ)

So this object Lz generates rotations about the z axis upon exponentia-
tion. The situation is precisely similar to the action of the momentum operator.
Remember that

(Pxx) = −ih̵
would mean that

(eiaPx/h̵x) = x + a
That is the momentum operator Px generates translations along x axis upon
exponentiation.

Having thus established that the angular momentum operators are respon-
sible for rotations we can go on in our quest of calculating more commutators.

Show that one has
[Li,Xi] = 0

Now it is time to calculate the others. Show by calculating all possibilities
that one can combine them as follows

[Li,Xj] = ih̵εijkXk sum over k from 1 to 3

where εijk is completely anti-symmetric in all indices with ε123 = +1. That is
for instance ε213 = ε321 = ε132 = −1 where as for instance ε231 = +1. Note that
with this notation one has

[Li, Lj] = ih̵εijkLk sum over k from 1 to 3

Similarly show that one has

[Li, Pj] = ih̵εijkPk sum over k from 1 to 3

Note that whatever we call as vector operators have the same commutation
relations with the angular momentum operators. This is because all vectors are
rotated in the same way!

Now that we understood about vectors. It is a good idea to understand what
a scalar operator can be.

To that end show that one has
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[Li,X
2 + Y 2 +Z2] = 0

Thus [Li, r] = 0. And that

[Li, Px
2 + Py

2 + Pz
2] = [Li, P

2] = 0

Thus [Li, P
2/2m] = 0 since m is a scalar under the general assumptions of

Gallilean relativity transformations.
Furthermore show also that

[Li, Lx
2 +Ly

2 +Lz
2] = [Li, L

2] = 0

So we also realize that the so called scalar operators commute with all the an-
gular momentum operators. Since scalar quantities are not rotated this should
make sense in view of the previous example using Lz as the generators of rota-
tions about the z axis.

This unambiguously means that if the energy operator, the hamiltonian
contains a potential that is a function of r =

√
X2 + Y 2 +Z2 will commute with

all the angular momentum operators and we have

[Li,H] = 0 if H = 1

2m
P 2 + V (r)

Now argue that the largest set of commuting operators among the ones we
have seen so far are -by a conventional choice-

H L2 Lz

if H contains only a radial potential.
This in particular means that these operators will share the same eigenstates

as the H operator. That is we shall have

HϕE(r⃗) = EϕE(r⃗)
L2ϕE(r⃗) = l(l + 1)h̵2ϕE(r⃗)
LzϕE(r⃗) = mh̵ϕE(r⃗)

where ϕE(r⃗) are the energy eigenstate eave functions. We have already shown
in class that m must be an integer, that is element of Z. Also we have seen
that the numbers l are natural numbers. The conditions on m are such that for
a given l they range from −l to +l in integer steps. This is true for all radial
potentials.

As a somewhat difficult exercise -so not mandatory- show that one has

∇2 = ∂2

∂r2
+ 2

r

∂

∂r
− L2

h̵2r2

So the energy eigenvalue equation which is given as

( 1

2m
P 2 + V (r)))ϕE(r⃗) = EϕE(r⃗)
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becomes

[− h̵
2

2m
( ∂

2

∂r2
+ 2

r

∂

∂r
) + L2

2mr2
+ V (r)]ϕE(r⃗) = EϕE(r⃗)

or using the above results

[− h̵
2

2m
( ∂

2

∂r2
+ 2

r

∂

∂r
) + h̵

2l(l + 1)
2mr2

+ V (r)]ϕE(r⃗) = EϕE(r⃗)

The solutions of this formidable but exactly tractable equation is left for your
411-412 adventures.

Degeneracies and Symmetries
Remember that we have proven that in 1D problems the bound state energies

can not be degenerate: That is there is only one unique energy eigenstate wave
function for a given energy eigenvalue.

This is not necessarily so in higher dimensions. We explore it with a simple
generalization of a 2D box potential. Consider the solution of the following
eigenvalue equation

− h̵
2

2m
[ ∂

2

∂x2
+ ∂2

∂y2
]ϕE(x, y) = EϕE(x, y)

With boundary conditions such that the wave function vanishes outside a
box of size Lx and Ly where the left bottom corner placed at the origin of the
co-ordinates. That is we have the following conditions

ϕ(Lx, y) = ϕ(0, y) = ϕ(x,0) = ϕ(x,Ly) = 0

Now assume the following ansatz

ϕE(x, y) =XEx(x)YEy(y)
and show that the boundary condition is consistent with this ansatz since it
requires

XEx(0) =XEx(Lx) = YEy(0) = YEy(Ly) = 0

Show that the differential equation also separates and one has

− h̵
2

2m

∂2XEx(x)
∂x2

= ExXEx(x)

− h̵
2

2m

∂2YEy
(y)

∂y2
= EyYEy(x)

along with
E = Ex +Ey

Show that the following is the final solution of the problem using the bound-
ary conditions

XEx =
√

2

Lx
sin(nxπx

Lx
)

YEy =
√

2

Ly
sin(nyπy

Ly
)

E = h̵2

2m
(n

2
x

L2
x

+
n2
y

L2
y

)
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To recapitulate therefore we have

ϕ(nx,ny)(x, y) =
2√
LxLy

sin(nxπx
Lx

) sin(nyπy
Ly

)

along with

E = h̵2

2m
(n

2
x

L2
x

+
n2
y

L2
y

)

Now at face value there does not seem to be energies that are the same but
yet given with different nx and ny.

However let us increase the symmetry of this system by assuming that one
has Lx = Ly ≡ L, a square box. In this case we shall have

E = h̵2

2mL2
(n2 +m2)

where we have set nx = n and ny =m. Now it is clear that E(n,m) = E(m,n),
but it is evident that ϕn,m(x, y) is not the same state as ϕm,n(x, y). These two
different states the are called degenerate since they refer to the same energy. And
in fact they are related by a symmetry transformation: The mirror symmetry
x↔ y along the body diagonal of the square.

So the moral of the story is: Symmetric systems will yield degeneracies,
more than one different state will correspond to the same energy eigenvalue.
This brings a whole new spin to state preparation by energy measurement!
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