
PHYS 311 FALL 2015 HWA 4. Due Wed. Nov. 4’th.

On Blackbody radiation
1. Field theory for transverse oscillations of a string. Let us consider a
taut string of mass m length L and assume that the total mass of the string is so
small that the tension T is the same all over the string. Under these conditions
the equation for small transverse displacements of the string is given as follows1

∂2y(x, t)

∂t2
=
T

µ

∂2y(x, t)

∂x2

with µ = m/L. So one can define a velocity for the waves v =
√
T/µ.

• Show that functions of the form f(x − vt) and g(x + vt) are general so-
lutions. Show that f(x− vt) represents a wave form which travels to the
right and g(x + vt) is one that travels to the left. Since the equation is
linear in y one can thus also form solution that are linear superpositions
of these f(x− vt) + g(x+ vt).

• When the ends of the string are held stationary, that is when one has
y(L, t) = y(0, t) = 0 -note for all times- then a general solution can be
expanded in the so called stationary waves. To that end first assume that
y(x, t) = a(x)b(t) and show that the equation will read

b̈

b
= v2

a′′

a

where dot and prime define derivative with respect to t and x respectively.
Since the LHS is a function of t only and the RHS is a function of x only
they can only be equal to constants. So we say

b̈ = −ω2b

and

a′′ = −ω2/v2a ≡ −k2a so that w2 = v2k2

Now it is easy to find solutions for these. One has

b(t) = βs sinωt+ βc cosωt

and
a(x) = αs sin kx+ αc cos kx

Now since we would like to have vanishing displacement at both ends we
get the following conditions

αc = 0 and sin(kL) = 0

which mandates
k = nπ/L n 3 Z

1You will derive this in 301 or 301 or have already done so before say in 130 or
121 or 102. At any rate it will be beneficial for you to try to derive it from New-
ton’s equations or read and understand the essentials of it. An rather good reference is
http://www.people.fas.harvard.edu/ djmorin/waves/transverse.pdf
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and hence
ω = v|n|π/L n 3 Z

since frequency is defined to be a positive quantity.

Thus only certain oscillation frequencies are allowed in this case and this
is the core of string instrument theory. Think about why a bass is so
much larger than a violin and also think about the µ and T for the string
instruments. It is much fun.

Now that we have found the core solutions show that the most general
solution to the wave equation for a string with fixed ends are as follows

y(x, t) =
∑
n

βs(n) sin(ωnt) sin(knx) + βc(n) cos(ωnt) sin(knx) (1)

which is simply using the superposition principle since the equation is
linear. That is show that the above is a solution to the wave equation.

Now a solution to the string will be provided for instance by assigning
y(x, t)|t=0 = q(x) and ˙y(x, t)|t=0 = p(x). The corresponding βs(n) and
βc(n) can be found from these assignments.

As it is, this approach will also find travelling disturbances along the
string, not only standing waves. But focusing on the standing waves is
enough to understand the essential features.

• Consider the following quantity

E(t) ≡ µ

2

∫ L

0

dx
(
ẏ2 + v2y′

2
)

Show by using the wave equation and some integration by parts along the
x axis that this quantity is a constant in time for waves on a string with
ends fixed. That is one has dE/dt = 0. This is the mechanical energy of
the string.

• Show that ∫ L

0

dx sin(nπx/L) sin(mπx/L) =
L

2
δmn

and that ∫ L

0

dx cos(nπx/L) cos(mπx/L) =
L

2
δmn

where δmn ≡ 0 if m 6= n and δmn ≡ 1 if m = n.

• Using the above results show that one has

E =
1

4
µLv2

∑
n

[
βs(n)

2
+ βc(n)

2
]

So the total energy can be considered to be a sum over energies of standing
wave patterns, E =

∑
nEn.

This behaviour is not special and still operates for standing waves in a
cavity with three dimensions.
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3. Further work. Read the entire first chapter in Eisberg and Resnick and
answer questions 14,15,16 and 16 and solve problems 1,2,3,10,13,17 and 18.
Numbers are taken from second edition.

2. Electromagnetic radiation. This is a question which is not mandatory
but will earn you extra points should you choose to solve it.

Maxwell’s equations read

~∇ · ~B = 0

~∇× ~E +
∂ ~B

∂t
= 0

~∇ · ~E = ρ/εo

~∇× ~B − µoεo
∂ ~E

∂t
= µo

~J

Vacuum is defined as the absence of charge and current densities, that is one
has ρ = 0 and ~J = 0. Using identities between curls, gradients and divergences
2 show hat the electric and magnetic fields also obey the wave equation[

∂2

∂t2
− c2∇2

]{
~E
~B

}
= 0

with c−2 = µoεo.
Now assume a plane wave solution of the following form{

~E
~B

}
=

{
~Eo

~Bo

}
exp[i~k · ~r − ωt]

with c|~k| = ω.
Show the following properties using Maxwell’s equations

~k · ~E = 0
~k · ~B = 0
~k × ~E = ω ~B
~k × ~B = − ω

c2
~E

Show that these will also imply the following

~E × ~B parallel to ~k

| ~B| = | ~E|/c

The argumentation of the calculation on blackbody radiation rests heavily
on the use of standing waves and the plane waves above are not of that type.
They are provided for acquaintance with the subject.

Electromagnetic theory is not just the 3D wave equation of a scalar quantity
and standing electromagnetic waves in a cavity are a bit more involved than
discussed in the book see for instance

2You can find them in Wikipedia, just search for vector calculus identities.
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http://web.hep.uiuc.edu/home/serrede/P436/Lecture_Notes/P436_Lect_10p5.pdf

if you are so inclined.
However these complications do not change our arguments about the count-

ing of the possible modes for a given frequency range.
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