
PHYS 311 FALL 2015 HWA 7. Due Wed. Nov. 25’th.

On Bohr-Sommerfeld Quantization Prescription

Bohr’s model of the atom used the approach that since the reduced Planck’s
constant ~ ≡ h/2π has physical dimensions of that of angular momentum, the
angular momentum of the electron in the atom may come as integer multiples
of ~. The mysterious 2π factor is related to the standing circular waves á la de
Broglie. This approach has a fruitful generalization.

Let us remember the fact that due to Heisenberg’s uncertainty principle, the
momentum and position of a particle can not bot be determined with infinite
precision and one has ∆p∆x ≥ ~/2 where the ∆ refer to the variance in the
experimental results of the measurements.

This suggests the interpretation of the phase space of a particle as filled with
little portions each having an area of h.

Let us remember that the classical state of a point particle can be determined
simply by its position and its momentum. The set of all possibilities lives
on a Cartesian space consisting of the momenta and positions. In one space
dimensions this is a plane which is called the phase plane and a point on it with
definitie p and x represents a state.

As an example let us consider the classical state of a point particle in a box
of length L. The trajectory on this look like as,

x

p

p

−p

L

Where the arrows indicate the running of time. The return points at x = 0
and x = L are called classical turn points since these are where the total energy
of the system is such that it stops and turns. Note that the value p in the graph
is related to the total energy of the particle,

√
2mE in this case. The case of

the particle in a box is a bit of an extreme case since at the boundaries of the
box there is infinite potential so as to return the particle.

A much better example for visualization is the classical particle under the
influence of a spring. In one dimensions one typically has the following as the
phase diagram
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Now if we know the total energy of the system one has p =
√

2mE and
L =

√
2E/k since the potential energy is kx2/2, a better parametrization of the

potential eneryg is mω2x2/2, which will mean L =
√

2E/m/ω.
So a classical trajectory for a particle which is bound is a closed curve in

the phase space and repeats itself over time. The idea of the Bohr-Sommerfeld
quantization is that the area of the closed curve for a phase space trajectory is
an integer multiple of the Planck’s constant, in fancy notation this is∮

p dx = nh

where the closed curve on the integral sign means that we are performing this
over a periodic, closed curve. This is simply the area of the closed curve in
phase space.
1. Now consider potentials of the form V (x) = εo|x|k/Lk, where εo has di-
mensions of energy and L has dimensions of length; both are positive. Fix the
total energy of the particle as E, find the classical turning points xL and xR
And perform the above integral. Find the quantized energy levels, that is the n
dependence of the energy levels for each k using the Bohr-Sommerfeld prescrip-
tion. You may end up getting a pure number which involves an integral, leave
it as it is, but find the n dependence of E.

2. Answer the questions, 4.8, 4.12, 4.14, 5.6, 5.8.

3. Solve the problems, 4.17, 4.21, 4.35, 5.9, 5.17
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