
PHYS 311 FALL 2015 HWA 8. Due Wed. Dec. 2’nd.

Before we begin let us consider conditions on the wave-function for the
Shrödinger’s equation with a time-independent potential function,

ih̵
∂Ψ(r⃗, t)
∂t

= − h̵
2

2m
∇2Ψ(r⃗, t) + V (r⃗, t)Ψ(r⃗, t)

Now the main requirement is that the wave-function should contain no sin-
gularities. What can we infer using this knowledge.

First let us integrate both sides of the equation between a time interval
t ∈ [τ − ε, τ + ε] and consider the limit ε → 0. Surely the RHS of the equation
will evaluate to zero since there are no singularities on the time variable in Ψ.
But the LHS evaluates to

ih̵ lim
ε→0

(Ψ(r⃗, τ − ε) −Ψ(r⃗, τ + ε))

So we infer that the wave-function must be continuous in time for the
Schrödinger’s equation.

Now let us integrate the both sides of the equation between a space interval
x ∈ [χ − ε, χ + ε] assuming that there are no singularities on the potential as well
as the wave-function. This will give us the following

− h̵
2

2m
lim
ε→0

[Ψ′(χ + ε, y, z, t) −Ψ′(χ − ε, y, z, t)] = 0

where ′ indicates the first partial derivative with respect to x. This simply
means that the partial derivative with respect to x is continuous. Using the
same argument for y and z one can safely say that ∇⃗Ψ(r⃗, t) is continuous in all
variables.

But to have a well defined continuous first derivative one must have a con-
tinuous function.

So we can now safely say the followings: If the potential is free of sin-
gularities, the wave-function is a continuous function of t and r⃗ and
its first partial derivatives are also continuous functions of t and r⃗.

Now let us confine the equation to 1D and try to extract information from
the equation. Some of these will of course depend on the fact that we are in 1D.

First using the Schrödinger’s equation with a real potential show that one
has

∂ρ

∂t
+ ∂J
∂x

= 0

with

ρ(x, t) ≡ ∣Ψ(x, t)∣2 and J(x, t) ≡ h̵

2im
[Ψ∗(x, t)Ψ′(x, t) −Ψ′∗(x, t)Ψ(x, t)]

where ′ denotes partial derivative with respect to x.
We have discussed in lecture that this property is that which makes a proba-

bilistic interpretation possible: ρ is identified with a probability distribution for
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the position of the object and J is the associated probability current density.
Now integrate the equation in x ∈ [−∞,∞] to show that one gets

dP (t)
dt

= J(+∞, t) − J(−∞, t)

with P (t) ≡ ∫
∞
−∞ dx ρ(x, t). Now let us consider a simple 1D case which is

different that the particle in a box example we have extensively studied in class.
So if one has J(+∞, t) = J(−∞, t) ≡ Jo(t), then P is time independent. This
simply means that if the current that enters from far left -infinity- is the same
as the current that exits at far right the total probability is constant in time;
the same idea as in the case of electric charge and current. In this case note that
Jo = 0 or Jo ≠ 0 are two distinct possibilities which possibly will have different
physical interpretations.

Now let us consider a time independent potential. One can look for building
block solutions to find the most general solutions. The building block solutions
are given as

ψE(x, t) ≡ e−iEt/h̵φE(x)
where φE obeys the following eigenvalue equation with eigenvalue E.

− h̵
2

2m
φ′′E(x) + V (x)φE(x) = EφE(x)

Show that for a solution of the form of ψE(x, t) one has ρ and J time-independent.
And thus one has automatically

J(−∞) = J(+∞) ≡ Jo

where Jo is a constant.
This allows us to classify the solutions φE into two broad categories: Those

with Jo = 0 and those with Jo ≠ 0.
Now remember that Ψ(x, t) is a continuous function of both x and t and

that its first derivatives with respect to these variables are also continuous if the
potential does not have singularities. We shall call solutions with the property
limx→±∞ φE(x)0 as bound state solutions and those with limx→±∞ φE(x) ≠ 0 as
unbound state solutions.

In view of the fact that the probability to find the particle at infinities will
vanish as a result of the assumptions. This in particular means one will definitely
have Jo = 0 for bound state solutions.
Bound State Solutions We have defined these as the solutions of the eigen-
value equation

− h̵
2

2m
φ′′E(x) + V (x)φE(x) = EφE(x)

with the additional requirement that

lim
x→±∞φE(x) = 0

Now for these solutions ρ and J are time independent. Show that the
conservation equation simply requires
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∂ρ

∂t
+ ∂J
∂x

= 0Ð→ dJ

dx
= 0

and thus J is a constant. But since the value at infinities, which is Jo has to
vanish for bound states one must have J = 0 everywhere.

Now let us ask if one can have two different solutions, φ1E(x) and φ2E(x)
for the same value of E. By assumption these must satisfy

− h̵
2

2m
φ′′1E(x) + V (x)φ1E(x) = Eφ1E(x)

and

− h̵
2

2m
φ′′2E(x) + V (x)φ2E(x) = Eφ2E(x)

Now define the following function

W (x) ≡ φ′1Eφ2E − φ1Eφ′2E
and show that one has

dW

dx
= 0Ð→W =Wo

where Wo is a constant. Show that for bound state solutions Wo = 0 and hence
φ1E must be proportional to φ2E .

We have thus shown that for bound state solutions there is a unique solution
for a given value of E -if this value allows a solution at all. This is expressed
as: In 1D there are no bound state E (energy) degeneracies.

Furthermore one can always take

∫
∞

−∞
φ∗EφE = ∫

∞

−∞
φE

2 = 1

Prove using the results so far that in 1D one can take the bound state solutions
φE to be purely real functions. Hint: Remember the current density J .

To end this let us recapitulate: Bound state solutions are not degenerate:
There is a unique φE for a given value of E. The φE can be taken to be real
and it vanishes at x = ±∞ which makes the current zero everywhere.
Unbound State Solutions Let us remember that the unbound solutions are

defined as those with φE not vanishing at infinities. Remember that this points
to a possibly non-zero current Jo at infinities. This case represents a steady
injection of particles from say the far left and collecting them from the far right.
None of the results we have found for the bound state solutions will hold: There
are two unbound state solutions for a given value E and these may be taken to
be complex conjugates of each other. However unbound states may also have
Jo = 0 which would correspond to a situation of equal injection of particles from
both far left and far right so that the net current is zero this will make it possible
to take the two solutions to be real: Such as taking imaginary and real parts of
a solution. So the physical situation of the system will determine which set of
solutions to choose.
Even potentials and bound state solutions

Now let us consider the particular case where V (−x) = V (x), the so-called
even potentials.
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Show unambiguously that for bound state solutions for a given energy eigen-
value E one can always pick either

φE(−x) = φE(x)

or
φE(−x) = −φE(x)

Existence of a lowest E solution for potentials with a unique global minimum
Now let us assume that V (x) has a global minimum occurring at a particular

value x = xm. Let us also call V (xm) ≡ Vm. So that we have V (x) ≥ Vm for all
x.

In classical mechanics the so called ground state, which has the lowest pos-
sible energy is given by the situation where the particle sits at x = xm with zero
speed. However in view of Heisenberg’s principle this state can not be achieved
in this way in quantum mechanics because it requires that position and mo-
mentum of the particle are simultaneously known with infinite precision. The
question then is: Is there a bound state solution that has E = Eg where Eg is
smaller than all the other E possible? Intuition suggests that it must be so.
But we must explore it using the Schrödinger’s equation. If the equation does
not allow for such a state then we shall be in trouble. Write a paragraph on
why we would be in trouble?

Now first of all show that

∫
∞

∞
φE

2V (x) ≥ Vm

Secondly show that

− h̵
2

2m
∫

∞

−∞
φEφ

′′
E > 0

Hint: Consider integration by parts and use the properties of φE .
Now using the Schrödinger’s equation show that

∫
∞

−∞
dx φE [− h̵

2

2m
φ′′E + V (x)φE] = E

Now show that one has

E > Vm
Note that the equality sign is absent! Discuss briefly why this must be so.

Thus there must be a bound state that has the lowest energy. We call this
the ground state energy and the solution φE associated with it as simply the
ground state.
Prove that if an even potential V (−x) = V (x) has a unique global minimum.
This must occur at x = 0.
NOT MANDATORY: Prove that for an arbitrary potential that has a global
unique minimum the lowest possible energy bound state: the ground state, has
no zeroes for finite values of x. That is φEg(x) ≠ 0 for any finite x, except of
course at infinity.
Prove Using the result above that for even potentials, the ground state is an
even function with no zeroes.
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Now assume one has an even potential V (x) with global minimum. Consider the
ground state function φEg(x) associated with the ground state energy eigenvalue
Eg. Show that

⟨Pn⟩φEg
≡ ∫

∞

−∞
dx φEg(x) [−ih̵

dnφEg(x)
dxn

] = 0 for n odd integer

and that

⟨Xn⟩φEg
≡ ∫

∞

−∞
dx φEg(x) xnφEg(x) = 0 for n odd integer

And thus show that one has ∆PφEg
which is defined as

√
⟨P 2⟩ − (⟨P ⟩)2 and

∆XφEg
which is defined as

√
⟨X2⟩ − (⟨X⟩)2 become -with an obvious shorthand

renotation

(∆P )2 = ⟨P 2⟩
and

(∆X)2 = ⟨X2⟩
Now consider the case of the potential V (x) =mω2x2/2. Show that one has

Eg =
1

2m
(∆P )2 + 1

2
mω2(∆X)2

Now Heisenberg uncertainty relation says that for any state one must have

∆P∆X ≥ h̵
2

Now show that the minimum possible Eg consistent with the above con-
straint (Heisenberg Uncertaity Relation) is one that makes ∆P∆X = h̵/2 along
with ∆P =mω∆X.

Hint: To make the algebra easier introduce the dimensionless quantities Π
and Q such that one has ∆P = Π

√
h̵mω/2 and ∆X = Q

√
h̵/2mω. So that one

now has
Π2 +Q2 = ε

with ε ≡ 4Eg/h̵ω > 0 and
ΠQ ≥ 1
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