
PHYS 311 FALL 2015 HWA 9. Due Wed. Dec. 9th.

On unbound solutions of Schrödinger’s equation in one dimensions.
In this homework assignment we shall explore the properties of the Schrödinger’s

equation in one space dimensions where the potential function is time indepen-
dent. Since the potential is time independent one can, as we have discussed
many times during lectures, try to find building block solutions of the form

e−iEt/h̵φE(x)

A general solution then can be obtained by linearly superposing the building
block solutions -which are also called the stationary states or energy eigenstates-
with appropriate coefficients. These will be provided with the knowledge of
Ψ(x, t = 0).

Since we are interested in unbound solutions we may or may not have non-
zero current at infinities. Remember that in one dimensions and for stationary
states one has ρ and J functions of x only, and this means via ∂ρ/∂t+∂J/∂x = 0
that

J = const.

� First of all let us consider the free particle with V (x) = 0 for all x. Show
that the building block solutions in this case are given as φ+E(x) = eikx

and φ−E = e−ikx, where k =
√

2mE/h̵. Now show that Jφ+ = h̵k/m and
Jφ− = −h̵k/m where as we know

Jψ ≡
h̵

2mi
[ψ∗ψ′ − ψψ∗′]

where ′ denotes derivative with respect to x.

� Now an interesting aspect of physics in one dimensions. Let us define a
new solution as

ψ(x) = a+(k)φ+E(x) + a−φ−E(x)

where a± are arbitrary complex functions of k, but of course they do not
depend on x.

Show that one has

Jψ = (∣a+∣2 − ∣a−∣2)
h̵k

m

Now let us consider a rather specific class of potentials; those that are called
with finite support. These are defined as

V (x) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

0 for x < xL
u(x) for xL ≤ x ≤ xR
0 for x > xR

and we are assuming that the function f(x) has no singularities. Most gen-
eral type of f(x) that would be available in laboratory situations are smooth
functions, so there is no general harm in assuming this as well.
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Clearly this divides space in three regions and Schrödinger’s equation is to
be solved separately in each and then one has to use the boundary matching
conditions to finally arrive at a general stationary solution.

On the other hand, one can simply choose another origin for the x space in
such a way that xL = −xR. We shall assume that this is done and we define
xL = −L and xR = L where we shall call 2L the range of the potential.

One word is in order however. These functions since they do not vanish at
infinity -yet they remain finite- we also need some knowledge about the form
of the wavefunction at infinities. For instance if the situation is such that one
injects particles from x = −∞ and collects them at x = +∞ one must assume
that near x = +∞ there should be no injection of particles towards the center.
This simply means that at the third region (x ≥ L) we must not take e−ikx as a
solution.

This situation we have described is generally the case in most experimental
situation: One simply injects particle to a region where there will be interactions
and then collects scattered particles. This is precisely what LHC experiments
do, albeit in 3 dimensions.

So we shall therefore assume scattering boundary conditions from now on.
This will mean that the solutions must have the form

φE(x) = {
eikx + r(k)e−ikx x < −L
t(k)eikx x > L

where k =
√

2mE/h̵ and r and t are complex functions of k. They are called
reflection and transmission coefficients and they are to be found via solving
the Schrödinger’s equation along the entire real line. These coefficients thus of
course depend on u(x).

But we can nevertheless say one important thing about them: Prove that
irrespective of u(x) one must have

∣t∣2 + ∣r∣2 = 1

and interpret the physical meaning of this relation.
Now let us assume that in the region −L ≤ x ≤ L the solution is given as

ψE,u(x) where we put the subscript u to denote that it depends on u(x). Show
that using the boundary conditions one will get the following list of equations.

ψE,u(−L) = e−ikL + r(k)eikL

ψE,u(L) = t(k)eikL

ψ′E,u(−L) = ik (e−ikl − r(k)eikl)

ψ′E,u(L) = ikt(k)eikL

We can now consider the most simple of such devices, the finite potential
barrier defined as follows

V (x) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

0 for x < xL
Vo for xL ≤ x ≤ xR
0 for x > xR

Clearly the interior region will involve again exponential solutions, they may
or may not be pure real or pure complex exponents depending on E > Vo or
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not. Note that in either case they can be written as exp(±iκx) where κ =
√

2m(E − Vo/h̵. If E > Vo we have a real κ and if E < Vo we simply need to do
κ → iκ. Since the region is bounded we are not allowed to omit solutions on
ground of the wave function blowing up.

So the solution inside is

ψE,u(x) = αe
iκx

+ βe−iκx

Find α, β, r and t using the boundary conditions described above. All will
be functions of m, L, Vo and E.

Now define the following dimensionless quantities

ε ≡ E2mL2
/h̵2

and
νo ≡ Vo2mL

2
/h̵2

You should see that now, r and t depend only on ε and νo. As a check use
the following

∣r∣2 =
sin(2

√
νo

√
x − 1)2

4x(x − 1) + sin(2
√
νo

√
x − 1)2

with x > 0.
Pick νo = 10 as an example and consider a plot of this function.Contemplate

and try to form an intuitive picture.

Answer questions: 14,16,18,24.
Solve problems: 17,22.

3


