
PHYS 311 FALL 2015 MIDTERM I-Along with solutions guide
Absolutely no notes, no gadgets (this includes all electronic equipment). Exam
duration is 110 minutes. Also no questions are allowed during the exam. Good
luck.

1. (15pt) Consider the problem in one space dimensions. A massless particle
of momentum ~p = po ı̂ with po > 0 is approaching a massive obstacle of
mass M sitting at the center. Find the spatial momentum of each particle
after the collision as a function of po, M and c.

Solution: We shall use four-momentum conservation. Let us remember
that for a point particle the four momentum is given as P = (E/c, ~p).
For massless particles one has E = |~p|c so its four-momentum becomes
(|~p|c, ~pc). With these in mid in one dimensions the four-momentum con-
servation reads

P iγ + P iM = P fγ + P fM

and we are provided that P iγ = (po, po) and P iM = (Mc, 0). One can
rewrite the equation as followis

P iγ + P iM − P fγ = P fM

and take the Lorentz norm of both sides. Let us define P fγ = (|p|, p). One
gets the following equation

2Mcpo − (2Mc+ 2po)|p|+ 2pop = 0

If we assume p > 0 we get p = po but this will mean that the mass M will
have to remain as it was. This whole thing means that the photon simply
passed without interaction; the trivial solution to the problem.

So p < 0 and one gets

p = −po
1

x+ 1
with x ≡ 2po/Mc

which will give

pM = po
x+ 2

x+ 1

2. (15pt) The energy eigenvalues of a particle of mass m in a box of length
L are given as follows

En =
~2π2n2

2mL2
n ∈ {1, 2, 3, . . . }

A system is known to be in a particular eigenstate with n = m. Now
an external agent very slowly decreases the length of the box so that the
system always remains in the associated state with n = m even though L
is now different. Find the force felt by the external agent.



Solution If we squeeze the length of the box the value of the energy
level changes. Since it is inversely proportional to length it will therefore
increase. This can only be achieved by a force doing work on the system.
So we get

dE = FdL

Since dE/dL = −2E/L the force on the box is given as F = −2E/L the
force felt by the external agent is, via Newton’s third law, given as follows

F =
~2π2

mL3

3. (15pt) Consider a particle of mass m under the influence of a poten-
tial of the form V (x) = Eo|x|/L, where |x| is the absolute value func-
tion and all parameters are positive. Using Bohr-Sommerfeld quantiza-
tion prescription find the allowed energies of the quantum system. Note:∫ 1

0
dx
√

1− x = 2/3 may be useful.

Solution The potential is symmetric in x and the energy being related
to p2 is also symmetric in p. Thus the area of a closed orbit in the phase
space is given simply as

4

∫ xR

0

dx
√

2mE − 2mEox/L = 4
√

2mE

∫ xR

0

dx
√

1− Eox/EL

where xR is the right classical turn point and we have used p =
√

2m(E − V (x)).
Now one can easily find that xR = LE/Eo since the particle has zero mo-
mentum at that point. In particular if we define a new integration variable
u = Eox/EL. One finally gets

4
√

2mE(
EL

Eo
)

∫ 1

0

dx
√

1− x = nh

where the equation is achieved using Bohr-Sommerfeld quantization pre-
scription. From which one will get,

En =

(
Eoh

4L
√

2m

)2/3

n2/3

4. (15pt) Derive Bohr’s model energy levels for the H atom. The electrostatic
potential energy between the proton and the electron is V = −e2/(4πεor).
Solution Bohr assumed that the angular momentum of the electron in the
orbit is given by an integer multiple of ~. So he said simply mvr = n~. On
the other hand the centripetal force is what keeps the electron in a circular
orbit so one has −mv2/r = −e2/(4πεor2). Since E = mv2/2− e2/(4πεor)
one simply gets

En = −m
2

(
e2

4πεo~

)2
1

n2

5. (22pt) Answer the following questions with one paragraph short essays.



• 5.1-(5pt) Can we take the photograph of the probability distribution
of a quantum state? That is can we recover |Ψ(~r, t)|2 after a single
photo shot?

A plausible answer: A photo shot -with a flash :)- is surely aimed
at detecting the location of the electron. But a single position mea-
surement can only give a single position, not a multitude of positions.
So not a single measurement but position measurements performed
after the same duration t after state preparation on an -infinite- en-
semble of similarly prepared systems will yield |Ψ(~r, t)|2. Note that
NOT Ψ(~r, t).

• 5.2-(12pt) Assume that we are given that the allowed energy eigen-
values of a quantum system are given as below

E ∈ {−3Eo,−Eo} ∪ [0,∞[

with Eo > 0. That is there are two discrete levels with energies
as described and there is a continuum of possibilities for which the
energies are positive or zero.

The system is known to be in its lowest energy state. A photon
with energy Eγ is to interact with this system. Describe what might
happen if

5.2a-(4pt) The photon energy is Eγ = 2Eo.
A plausible answer: It is possible that the photon simply elasti-
cally scatters off with some calculable probability. If is also possible
that the system is excited to the state with energy −Eo while ab-
sorbing the photon.

5.2b-(4pt) The photon energy is Eγ = 5Eo/2.
A plausible answer: The photon must elastically scatter off.

5.2c-(4pt) The photon energy is Eγ = 4Eo.
A plausible answer: It is possible that the photon simply elasti-
cally scatters off with some calculable probability. If is also possible
that the system is excited to the state with energy +Eo while ab-
sorbing the photon. Note that this state is allowed.

list ALL possibilities for each case.

• 5.3 (5pt) When one closes a pair scissors the point of intersection of
the two blades will have a speed that can be calculated. Can this
speed be larger than the speed of light? If no describe why and if yes
give a resolution.

A plausible answer: The point of intersection is a mathemati-
cal construct and not a physical particle. There is no limit for the
”speed” but the very word speed is a bit meaningless.

6. (18pt) Consider a particle of mass m in a 1D box of length L. We are
given that at t = 0 the state of the system is described by the following
function,

Ψ(x, 0) = Nx(L− x)/L2

and zero outside the box.

6a-(6pt) Find N.
Solution: Since this is a quantum wave-function it must be normalized



for a probabilistic interpretation -and this can always be done since the

Schrödinger’s equation is linear in Ψ. One must require
∫ L
0
dx|Ψ(x, 0)|2 =

1 which will give

N =

√
30

L

6b-(12pt) This function can be expanded in terms of the eigenfunctions of
the particle in a box. That is one will have Ψ(x, 0) =

∑∞
n=1 αn

√
2/L sin(nπx/L),

which means that

αn =

∫ L

0

Ψ(x, 0)

√
2

L
sin(

nπx

L
)

and that
∞∑
n=1

|αn|2 = 1

Without taking these integrals argue that to a very good approximation
one has α1 ≈ 1 and the others thus considerably smaller. Hint: It may be
useful to compare Ψ(x, 0) with the eigenfunctions at some useful values of
x also note that P (x, 0) is a symmetric function about x = L/2.

Solution: First of all it is evident that since the Ψ(x, 0) is symmetric
about x = L/2 it can not have overlap integrals with the eigenfunction for
even n. Since Sin(nπx/L) for even n is anti-symmetric about x = L/2.
To compare Ψ(x, 0) with ψ1(x) =

√
2/L sin(πx/L) it is enough to consider

the representative points as x = L/4 and x = L/2. Here is a table

x = 0 x = L/4 x = L/2 x = 3L/4 x = L

√
LΨ(x, 0) 0

√
270/256

√
30/16

√
270/256 0

√
Lψ1(x) 0 1

√
2 1 0

Since 2 ≈ 30/16 and 1 ≈ 270/256 we realize that they are very similar
functions. Furthermore ψ1(x) is the only one in the list without a zero
and hence never becomes positive. The first one next to α1 which does
not exactly give zero is α3 but this will be a function with two zeroes and
hence it is negative on two large regions. No wonder it does not yield a
big result.

Exact Solution

One can exactly calculate

αn =

∫ L

0

Ψ(x, 0)

√
2

L
sin(

nπx

L
) =

4
√

15

π3n3
(1− (−1)n)

Note that it decays with n3, and it is now manifest that it gives zero for
even n.



The values of α1 and α3 are

α1 =
8
√

15

π3
≈ 0.99928 α3 =

8

9

√
5

3

1

π3
≈ 0.03701

Below is a plot of ψ1 and ψ3 along with Ψ(x, 0) for comparison.
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