
PHYS 311 FALL 2015 Supplemental Material 1.

Minkowski Spacetime diagrams
Every event (something that occurs at a given time and at a given place) can

be represented by a point in a space which has the same topology as R4. For
concreteness we shall use one space and one time dimensions in this supplemental
material.

Let us consider the following figure
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where the origin of co-ordinates is called here and now. The blue lines represent
light rays travelling in either direction along the x axis. The regions I and II
are called the future and past cone of the event at the origin, respectively. Any
point in the future cone can be caused by the event at O and any point in the
past cone can be the cause of here and now. The regions labelled III, on the
other hand, are called elsewhere emphasizing the fact that no events in there
can be in causal connection with here and now. One must be aware that this
partitioning of the diagram refers to the origin and does not necessarily have a
global meaning. Every point in the diagram will have its own future and light
cones which separates the diagram accordingly.

Any point on this diagram will represent an event in spacetime. In particular
a continuous curve on this diagram may represent a physical motion if the
tangent to the curve at any point has a slope with magnitude larger than unity.
If a curve does not conform to this restriction it is simply a continuous collection
of events which does not represent physical motion, not a causal chain of events
as we have discussed in lecture.

The usefulness of the Minkowski diagrams rests with the possibility to rep-
resent two separate inertial observers together. To that end let us recall the
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Lorentz transformations

ct′ = γ(ct− βx)

x′ = γ(x− βct)

with 1 > β > 0 if S′ moves to the right and γ = (1 − β2)−1/2.
What we can immediately infer from this diagram is that ct′ = 0 refers to

the collection of simultaneous events for S′ which occur at t′ = 0; namely the x′

axis! Similarly, x′ = 0 refers to the collection of events that occur in the spatial
origin of S′; namely the ct′ axis. From these two we readily obtain the following

ct = βx x′ = 0 axis

ct = 1
βx t′ = 0 axis

We therefore get the following picture, where for simplicity we represented
only part of the diagram,
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Note that the blue line represents the light ray and is the same for both
observers. That is the blue line is representing both x = ct and x′ = ct′. Also,
as it is clear, the tangent of the angle between the x and x′ is β.

Now what one should do, given an event on the diagram represented by a
point, is to project to the desired axis to find the desired co-ordinate. This is
expressed in the following diagram.

One might now get concerned: Since we have seen that moving rods and
clocks are measured to have shorter length and longer duration how to measure
the co-ordinates in relation to S′ on this diagram? Since if we have used a unit
length for the S frame and denoted by ct = 0 and x = 1 and a unit time denoted
by ct = 1 and x = 0 we can use an ordinary ruler and get the co-ordinates of the
event. How to perform this for S′? Simply using the same units can not make
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any sense and you are welcome to try to ”measure” co-ordinates this way and get
bored when you realize that they won’t be related by Lorentz transformations
as they should!

To appreciate what is going on let us go back to the Euclidean xy plane and
try to construct a measuring standard for another co-ordinate frame which is
rotated by an angle θ with respect to the original one. That is let us have

x′ = x cos θ − y sin θ

y′ = y cos θ + x sin θ

In this case the x′ = 0 equation must represent the y′ axis and y′ = 0 equation
must represent the x′ axis. These can be put on the same diagram as

x = −y tan θ x′ = 0 axis

x = y cot θ t′ = 0 axis
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This will result in the following diagram, where a representative point is
placed. One can obtain the co-ordiantes of this point again by projecting out
to the desired axis.
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Now let us again ask the same question? If in the black frame on uses a ruler
what kind of ruler should the red frame use? In particular can we canonically
associate these two rulers?

The answer of course lies in the fact that in Euclidean space lengths calcu-
lated by the Pythagoras formula are invariant with respect to rotations. One
can exploit this fact by defining an invariant curve: A circle of unit radius.
Because of the mentioned property one has

x2 + y2 = x′
2

+ y′
2

= 1

And one can use this equation to define a ruler for the x in the following way,
the point on this invariant curve which crosses the x axis has co-ordiantes x = 1
and y = 0. But the same also holds for x′ since the same curve will will cross
the x′ axis at x′ = 1 and y′ = 0. One can repeat the same procedure for the y
and y′ axis as well and we get the following picture
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Now we have everything we need to measure the co-ordianates of the point
A in either frame: Just project to the desired axis and measure the length using
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the unit lengths described on the diagram above. In this case one single unit
ruler is enough.

Now how can we repeat the same procedure for the Minkowski diagrams?
That is is there a way to endow the observers S and S′ with the same standard
ruler and the same standard clock?

The answer again lies with the invariant curves associated with the Lorentz
transformations. We have already seen in class that the invariant interval is an
invariant under Lorentz transformations. That is one has

c2t2 − x2 = c2t′
2 − x′

2 ≡ ∆s2

where the interval is taken with respect to here and now which is in this instance
is the same event for the two observers.

But as we have mentioned in lecture even though we denote the interval as
∆s2 its signature is not fixed; it can be zero, negative or positive. So we can
use the following curves to define measuring standards

c2t2 − x2 = c2t′
2 − x′

2
= 1 time − like

c2t2 − x2 = c2t′
2 − x′

2
= −1 space − like

The time-like interval can be used to define a standard clock since these
curves cross the axis of S and S′ at ct = ±1, x = 0 and ct′ = ±1, x′ = 0
respectively. Similarly the space-like interval can be used to define a standard
ruler since these curves cross the axis of S and S′ at ct = 0, x = ±1 and ct′ = 0,
x′ = ±1 respectively. Since durations and lengths are positive we have the
construction finished. This results in the following figure.
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Now the procedure of measuring the co-ordinates of a given event for either
frame is clear.

From these it should be clear now that the spacetime is not Euclidean. All
these complications we have stumbled upon were due to the fact that we wanted
to have a graphical description of it on a sheet of paper which is Euclidean.

5



As an example let us study the length contraction effect. Consider the
following diagram where the life-lines of two standard rulers in S and S′ are
plotted as curves along with the co-ordinate axes.
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Let us first consider the situation where observer S (the black one) measures
the rod of the observer S′ (the red one). Surely for S this rod is moving and
to measure its length S must identify both ends of the rod simultaneously. Let
this particular time be chosen as ct = 0. At this instant the left end of the rod
is at the origin. The right end of the rod is easily seen to have an x co-ordinate
which is less than 1.

In the other case, observer S′ must identify the ends of the rod in S at the
same time. Let us choose this to be ct′ = 0. The left end of the rod in S
is at the origin for this choice. The right end is again easily seen to have an
x′ co-ordinate which is less than 1. Of course this does not directly reveal us
the actual formula for length contraction, which can be checked by measuring
the lengths on the diagram, but unambiguously shows the symmetry of the
statement: Moving rods are measured to be shorter in relation to their lengths
at rest.

One can similarly study the effect of duration dilation on Minkowski dia-
grams.
Loedel Diagrams

Remember that we need to use two different unit lengths on a Minkowski
diagram. This can be circumvented in a clever way due to Loedel. Let us
recall that the frame S′ was mowing in relation to S with ~v = cβı̂ with β > 0.
Why not consider another frame S′′ which should move in relation to S′ with
~v = −cβı̂. Since we have seen that length contraction are time dilation effects
are blind to the signature of β for S the rods of S′ and S′′ will have the same
length and clocks in S′ and in S′′ will have the same duration.

In short when we place both S′ and S′′ together with S on the same
Minkowski diagram we shall get

One can now simply discard the observer S from the picture and use a
single ruler on the Euclidean plane of the diagram to measure the co-ordinates
of events for both S′ and S′′.

Clever as it is, since these diagrams are never used for technical calculations
the practical use of the Loedel diagrams are limited. As a nice exercise you can
study length contraction and time dilation between S′ and S′′.
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