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Equations of motion of a particle in special relativity

Some mathematical preliminaries
We have seen that an event is a point in space and time (spacetime).

X ≡


ct
x
y
z

 ≡ ( ct
~r

)

We would like to call ct = X0, x = X1, y = X2 and z = X3 and call them
the components of the object X.

If another inertial observer S′ is moving with ~v = βcı̂ with respect to S we
have the Lorentz transformations in terms of these component language given
as

X ′0 = γ
(
X0 − βX1

)
X ′1 = γ

(
X1 − βX0

)
X ′2 = X2

X ′3 = X3

which can also be seen as a matrix multiplication of column vectors of dimension
four. Here we have γ = 1/

√
1− u2/c2.

In view of this transformation properties we shall call X a four-vector and
any other object that transforms like it will also be called a four-vector.

Let us also adopt a notation for the invariant interval. The interval between
event X and the origin is simply given as

X ◦X ≡ (X0)2 − (X1)2 − (X2)2 − (X3)2 ≡ (X0)2 − ~X · ~X

where the last definition uses the ordinary dot product of vectors in three space
dimensions. We would also alternatively call this the Lorentz norm of X.

One can also use this result to define an inner product between two four-
vectors. Say A and B are objects like X we define

A ◦B ≡ A0B0 −A1B1 −A2B2 −A3B3

Check that A◦B = B ◦A and that if one has A◦B = 0 for all B one must have
A = 0. Furthermore check that if A ◦ B has a particular value for an inertial
observer S it has the same value for all inertial observers. That is A ◦ B is an
invariant quantity.

For an inertial observer S, the trajectory of a moving particle can be de-
scribed with what is called its life-line which nothing but a trajectory in four
dimensional spacetime. The points on this one-dimensional curve are surely
events and since the physical motion is a causal chain any two events on the
trajectory will be separated by a time-like interval. Since this is a continuous
curve it is possible to parametrize events on the life-line by a real number which
is the same for all inertial observers. Since we have seen that the proper time
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for a moving particle which is the time registered by a clock that moves with
the particle, which is defined as

dτ = dt
√

1− u2/c2

where u = |~u| is the speed of the particle, is such an invariant quantity it pro-
vides the parametrization that is required. Note that any other parametriza-
tion which is invariant will do but they can all be mapped to the proper time
parametrization. Note that proper time can not be defined for an object that
moves at the speed of light.

The motion therefore is a chain of events that is described as follows

X(τ) ≡
(
ct(τ)
~r(τ)

)
Since we are interested in equations of motion we would like to somehow

take derivatives of X(τ). But we would also like to have this derivative to have
the same transformation properties as X(τ)1. This mandates that we should
use derivative with respect to τ which is an invariant quantity: that is is has
the same value for all inertial observers2

So we define

V (τ) ≡ dX(τ)

dτ

We can immediately find its components for a frame S. Check that one has

V 0 = c/
√

1− u2 → c for u/c� c

~V = ~u/
√

1− u2 → ~u for u/c� c

with ~u ≡ d~r/dt, the velocity three vector of the particle for the observer S. Note
that V 0 becomes non-dynamical in the Newtonian limit for speeds. In view of
the fact that the only dynamical quantity in V (τ) in the Newtonian limit is the
ordinary velocity ~u it makes sense to call this object the four-velocity of the
particle.

One very immediate result is that no matter how complicated a motion X(τ)
describes one has

V (τ) ◦ V (τ) = c2

So the Lorentz norm of V (τ) is a constant that does not depend on τ for all
possible motions.

In order to figure out equations of motion which in the limit of small speeds
should reduce to the Newtonian laws we need to take a further derivative. But
with a little hindsight I will define the following quantity

P (τ) ≡ mV (τ)

and define m as the inertial mass which is τ independent and which is also
the same number for all inertial observers; m′ = m. Thus P is another four-
vector. Since in the Newtonian limit the space parts of P will contain m~u -the

1In Newtonian mechanics time is absolute. A trajectory is given as ~r(t) and this is a well
defined three vector. The time derivative of it defined as ~u(t) ≡ d~r(t)/dt is also a three vector
because t is an invariant quantity: that is it has the same value for all inertial observers.

2Note that dX(τ)/dt will not transform as a four-vector.
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momentum- we can expect to recover Newton’s law as ~F = d(~p ≡ m~u)/dt if we
take a derivative of P .

We now posit the following law

M(τ) =
dP (τ)

dτ

and call M the Minkowski four-force.
The space components will give

~M(τ) =
1√

1− u2/c2
d~P

dt

with

~P = m~u/
√

1− u2/c2

Since if ~M = 0 this mandates the conservation of ~P we are defining ~P as the
relativistic momentum.

Now let us recall the Newtonian second law, which reads ”force is the quan-
tity that makes the momentum change”. We realize that we can incorporate
this fully in this verbal form if we define

~M =
1√

1− u2/c2
~F

which gives us

~F =
d~P

dt

where now we use the relativistic momentum.
There remains to make sense out of the quantities M0 and P 0. From the

definition of P we have
P ◦ P = m2c2

taking a derivative of this by τ on both sides we shall get the following

P ◦M = 0

which in term means

P 0M0 = ~P · ~M =
1√

1− u2/c2
~F · ~P

that is P 0 and M0 are not independent quantities.
In particular note that ~M = 0 implies that M0 = 0 -if of course P 0 6= 0-.

So if ~M vanishes so does the full Minkowski four-force. But if a four-vector
vanishes for one inertial observer it must vanish for all inertial observers. Thus
if ~F = 0 for one inertial observer it means ~F ′ = 0 for others. We thus realize
that we incorporated the notion of being a free particle in an invariant way.

Now, we can exactly calculate what P 0 is. Since P 0 = mV 0 it is given as

P 0 = mc
1√

1− u2/c2
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On the other hand from the definition of M we also have

M0 =
1√

1− u2/c2
dP 0

dt

Remembering what ~P is we therefore arrive at the following equation

c
dP 0

dt
= ~F · ~u

Since ~F · ~u is the power we realize that the

P 0 ≡ E/c → E =
mc2√

1− u2/c2

where E is the mechanical energy of the particle.
In particular note that the particle will have mechanical energy even while

it is at rest. That is one has

Eo = mc2

Thus inertial mass is a form of energy.
Note that the following can be shown to hold

P ◦ P = m2c2 → E2 = ~P · ~Pc2 +m2c4

and

~u =
c2 ~P

E

Massless Particles
Note that neither the equations of motion d~P/dt = ~F , dE/dt = ~F · ~u nor

the last two equations we have boxed refer to the mass of the particle. And it
seems there is a possibility for massless particles with

E2 = ~P · ~Pc2

which immediately gives
~u = cû

So massless particles move with the speed of light, carry energy and momen-
tum and can be influenced by forces.
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