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Rudimentary Mathematics of Fourier Transforms

To begin let us consider real functions with real arguments that fall suffi-
ciently rapidly at ±∞ so that one has the following

0 ≤
∫ +∞

−∞
dx f(x)2 < +∞

the equality will hold only one has f(x) = 0 for all x ∈ R.
Now let us define the following object

(φ, ψ) ≡
∫ ∞
−∞

dx φ(x)ψ(x)

This object that we shall call the inner product in this space of such functions,
obeys the following relations

(φ, ψ) = (ψ, φ) ∈ R
(φ, ψ1 + λψ2) = (φ, ψ1) + λ (φ, ψ2)

(φ1 + λφ2, ψ) = (φ1, ψ) + λ (φ2, ψ)

(ψ,ψ) ≥ 0 equality iff ψ(x) = 0

where λ ∈ R.
Now consider two such functions ψ and φ. Construct another one as follows

f(x) ≡ ψ(x)− (ψ, φ)

(φ, φ)
φ(x)

One can show that this function is orthogonal to φ, that is one has

(f, φ) = 0

So this object (·, ·) has all the properties of an operation you are familiar
with from ordinary vectors, namely the scalar product of two vectors. The last
operation is similar to finding an orthogonal vector from a given two vectors
using the product. We thus call this object the inner product in the space of
these functions.

One can show the following relation which is rather useful -it is a bit trivial
if you think about the dot product of vectors-

(ψ,ψ) (φ, φ) ≥ (ψ, φ)
2

It is called the Schwarz inequality.
So far we have used only real functions with real arguments. However there

is no difficulty in generalizing the structure above to functions that take real
arguments but generate complex numbers in general. We mean

f(x) = fR(x) + ifI(x)
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where fR and fI return real numbers and they both are square integrable in the
sense mentioned above.

0 ≤
∫ ∞
−∞

dx fR(x)2 < +∞

0 ≤
∫ ∞
−∞

dx fI(x)2 < +∞

Now generalizing completely we can define the following object

(φ, ψ) ≡
∫ ∞
−∞

dx φ(x)∗ψ(x)

where the complex conjugate is defined as follows

φ(x)∗ ≡ φR(x)− iφI(x)

Now one can show that the only difference in the properties of this inner
product is the following

(ψ, φ) = (φ, ψ)
∗

if on the other hand we pick a complex λ the following is also true

(φ1 + λφ2, ψ) = (φ1, ψ) + λ∗ (φ2, ψ)

Defining the absolute value of a complex number λ = λR + iλI with λR and
λI are both real

|λ| ≡
√
λ2R + λ2I

one can show that the Schwarz inequality now becomes

(ψ,ψ)(φ, φ) ≥ |(ψ, φ)|2

Fourrier Transforms
Given a function that takes a real argument but possibly gives a complex

number, let us define the Fourier transform as follows

f̃(k) ≡ 1√
2π

∫ ∞
−∞

dx e−ikx f(x)

One can surely expand the exponent using de Moivre’s formula

eikx = cos kx+ i sin kx

Whether one can invert the Fourier transform is a legitimate question. If
a function and all its derivatives fall of sufficiently quickly, then the inverse
transform is given as ∫ ∞

−∞
dk eikxf̃(k) = f(x)

There is also one way of seeing this using the Dirac delta distribution defined
as follows,
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δ(x) ≡ 1

2π

∫ ∞
−∞

dk eikx

It has the following properties on a function

δ(−x) = δ(x) and

∫ ∞
−∞

dx δ(x) = 1

and ∫ ∞
−∞

dx δ(n)(x)f(x) = f (n)(0)

where (n) means the n’th derivative. One can show that these properties of the
Dirac delta function allows us one to show that the inverse transform is the way
mentioned above.

Dirac delta function can also be thought as the Fourier transform of the unit
function.

1̃ =
√

2πδ(k)

One can imagine the Dirac delta distribution as a function which vanish
everywhere except where the argument vanishes where it becomes infinite. Some
visually helpful definitions of the Dirac delta distribution are for instance

δ(x) = lim
ε→0+

1

2ε
exp(−|x|/ε)

or

δ(x) = lim
ε→0+

1

2
√
πε

exp(−x2/4ε)

Various other properties for this very useful distribution is available which
we shall mention when needed.

Parsevals Identity: One important aspect of the Fourier transform is that
one can show that ∫ ∞

−∞
dx |ψ(x)|2 =

∫ ∞
−∞

dx |ψ̃(k)|2

which will follow from the definition of the Fourier transform and the prop-
erties of the Diract delta distribution.

This means that if the ψ(x) is normalized such that its norm squared in-
tegrates to unity then so will the norm squared of the Fourier transformed
function. This is very central to quantum physics and its probabilistic interpre-
tation.
Moments of the functions Let us define the following objects

〈xn〉ψ ≡
∫ ∞
−∞

dx xnψ(x)∗ψ(x) =

and

〈kn〉ψ̃ ≡
∫ ∞
−∞

dk knψ̃(x)∗ψ̃(x)

These are called the moments of the function’s norm squared as intuitive
form the definitions. The most important ones have special names
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x̄ ≡ 〈x〉ψ the mean of ψ

〈(x− x̄)2〉ψ = 〈x2〉 − x̄2 the variance of ψ

σ ≡
√
〈(x− x̄)2〉ψ the standart deviation of ψ

〈(x− x̄)3〉ψ the skewness ofψ

〈(x− x̄)4〉ψ the kurtosis ofψ

Since the context is almost always clear one rarely uses the subscript identifier
for ψ.

What is formidable is that one can show the following for two functions
normalized to unity that are (Inverse)Fourier transforms of each other

σxσk ≥ 1/2

To that end let us first show some intermediate results. Consider the follow-
ing integral ∫ ∞

−∞
dx xψ∗(x)

dψ(x)

dx
= (xψ, ψ′)

where prime denotes the derivative. On the other hand, since ψ and all its
derivatives vanish sufficiently rapidly at the infinities one can by using some
integration by parts that

∫ ∞
−∞

dx xψ∗(x)
dψ(x)

dx
= −

∫ ∞
−∞

dx ψ∗(x)ψ(x)−
∫ ∞
−∞

dx
dψ∗(x)

dx
xψ(x)

Thus we get the following result

(xψ, ψ′) = −(ψ,ψ)− (ψ′, xψ)

Let us assume (ψ,ψ) = 1. Now since (ψ′, xψ) = (xψ, ψ′)∗ we immediately
get that

Re [(xψ, ψ′)] = −1/2

which because of this will immediately mean

|(xψ, ψ′)| ≥ 1/4

since (xψ, ψ′) will also have an imaginary part.
On the other hand, using integration by parts two times and remembering

that the functions and their derivatives vanish sufficiently rapidly at the infinities
one can show that

(φ, ψ′′) = (φ′′, ψ) = −(φ′, ψ′)

where double prime denote the second derivative.
Furthermore using the following identity

k2eikx = −d
2eikx

dx2
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one can show that∫ ∞
−∞

dk k2ψ̃∗(k)ψ̃(k) =

∫ ∞
−∞

dx
dψ ∗ (x)

dx

dψ(x)

dx
= (ψ′, ψ′) > 0

Now using Schwarz inequality as follows

(xψ, xψ)(ψ′, ψ′) ≥ |(xψ, ψ′)|2

one can finally show that

σxσk ≥
1

2
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