
PHYS 311 FALL 2015 HWA 2. Due Mon Feb 22’nd.
1. Assume one has a collection of 2N non mutually interacting spin 1/2 identical
particles of mass m confined in a one dimensional box of length L. Find the
ground state energy as a function of the parameters.
2. Repeat the above for the case of spin 0 identical particles and compare the
results.
3. Assume one has a collection of 2N non mutuallu interacting identical particles
under the influence of a background spring potential with parameter ω. Repeat
problems 1 and 2 for this case.
4. About exchange forces. Consider a two particle system and assume that
one of the particles is in a one particle state ψa(x1) and the other is in a one
particle state ψb(x2) assume that these single particle states are normalized
accordingly.Let us define the following states

ψ0(x1, x2) = ψa(x1)ψb(x2) DP

ψ+(x1, x2) =
1√
2

(ψa(x1)ψb(x2) + ψb(x1)ψa(x2)) BIP

ψ−(x1, x2) =
1√
2

(ψa(x1)ψb(x2)− ψb(x1)ψa(x2)) FIP

where DP, BIP and FIP stand for distinguishable, bosonic indistinguishable and
fermionic indistinguishable respectively.

Now for each of these states calculate the variance of the relative position
variable. This is a measure of how far on the mean these particles are for a
given state.

That is calculate
∆2 ≡ 〈(x2 − x1)2〉

and show that one will get

∆0
2 = 〈x2〉ψa + 〈x2〉ψb

− 2〈x〉ψa〈x〉ψb

∆±
2 = ∆0

2 ∓ 2|〈x〉ab|2

where

〈x〉ab =

∫
dx ψa(x)∗ x ψb(x)

Argue that 〈x〉ab is appreciable only if there is considerable overlap of the
functions ψa(x) and ψb(x). Also note that the bosons tend to be closer if there
is an overlap and the fermions tend to be farther away if there is an overlap.

To that end assume that these particles have mass m and are in a 1D box
of length L and show that

〈x〉mn =
4Lmn ((−1)m+n − 1)

π2 (m2 − n2)
2

where the integers m and n label the one particle states.
Calculate ∆2

0 and ∆2
± for the simple case of n = 1 and m = 2. Also note

that 〈x〉mn = 0 is m+n is an even integer. Try to interpret this Hint: Consider
the parity of single particle wavefunctions in a 1D box, that is their symmetry
and antisymmetry under reflections about L/2. This as you remember makes
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for another operator that commutes with the hamiltonian: That of x → −x
relative to x = L/2 of course.
5. Consider three identical non mutually interacting particles of spin 1/2 placed
in a background potential field. Assume we know the single particle energy
eigenstates and eigenvalues for this potential field. We shall now study the
ground state wave functions of this system. The ground state energy is of
course EG = 2Eg +Ee where Eg and Ee are the ground and first excited single
particle state energies, since only two particles can be put in the state with Eg
and one in the state with Ee. But what is the ground state? This of course
is related on which particles are put in the ground state wave-functions. If the
particles were distinguishable we would know this. But since the particles are
fermions we have to have totally anti symmetric wave-function. Now list all
possible combinations using a notation as follows

g ↑ g ↓ e ↑

which means that the first particle is in the single particle ground state with z
component of spin up, the second particle is in the single particle ground state
with z component of spin down and the third particle is in the single particle
first excited state with spin up. Note that the total value of the third component
of the spin in the above example is 1/2 − 1/2 + 1/2 = 1/2. Surely there is a
corresponding one as follows

g ↑ g ↓ e ↓

with total spin third component given as −1/2. Since the spin operators com-
mute with the hamiltonian in our example we thus have two classes of base wave
functions to consider. One list with total third component of spin 1/2 and one
list with -1/2.

So show that we have the following list (and make necessary corrections if I
am off)

STOT
z = 1/2 −→ {g ↑ g ↓ e ↑ , g ↑ e ↑ g ↓ , g ↓ g ↑ e ↑ ,

g ↓ e ↑ g ↑ , e ↑ g ↓ g ↑ , e ↓ g ↑ g ↓}

The other list can be obtained from sending e ↑ to e ↓.
Now form a completely anti-symmetric normalized wave function out of the

list in such a way that whenever you interchange the quantum numbers of two
particles you get an overall minus sign. An example of the mentioned label
change is for instance the following

g ↑ g ↓ e ↑ 1↔2−−−→ g ↓ g ↑ e ↑

which performs interchange of particle 1 with 2.
To do this exercise you may need to reflect a bit and also do some research

on the internet. The point of this exercise is to make you discover a general
formula for anti-symmetrization.
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