
PHYS 311 FALL 2015 HWA 3. Due Mon Mar 7’th.

A. On rudimentary perturbation theory
You may find it useful to check your results against those of a symbolic

programming package such as Reduce or Matlab or Mathematica.

1. Non-Degenerate Levels:
Consider the following hamiltonian matrix

Ho = ε

(
1 1
1 0

)
where ε is a positive quantity with the dimensions of energy.

Find its eigenvalues E
(0)
1 and E

(0)
2 and the corresponding eigenvectors. We

symbolically denote the column vectors as |1〉(0) and |2〉(0) respectively. The
associated row vectors are denoted as (0)〈1| and (0)〈2|. Are there degeneracies
involved with Ho? Your answer must be negative.

Now assume the following contribution is added to the system

H ′ = λε

(
1 1
1 1

)
Now consider the full hamiltonian given as

H = Ho +H ′

Find its eigenvalues E1 and E2. Now expand your exact result to first non-
trivial order in λ these must be the corrections to the energy levels if H ′ is a
small perturbation. Call the contributions to the energies that are proportional

to λ as E
(1)
1 and E

(2)
2 respectively.

Now let us recall that in the case of non-degenerate energy levels for Ho the
first order corrections to the energy levels due to H ′ were given via the following
formula

E(1)
n = (0)〈n|H ′|n〉(0)

which simply states that when there are no degeneracies the first order cor-
rections to the energy levels are simply the expectation value of the perturbation
hamiltonian between the states of the unperturbed hamiltonian.

Now calculate the above matrix elements and compare them to the expansion
you made on the exact results.
2. Degenerate Levels:

Consider the following hamiltonian

Ho = ε

 1 1 1
1 1 1
1 1 1


Find the corresponding eigenvalues and eigenvectors. The lowest energy

eigenvalue E
(0)
0 should turn out to be doubly degenerate call the associated

eigenvectors as |01〉(0) and |02〉(0) respectively. The next eigenvalue of energy

E
(0)
1 will be non-degenerate. Call its eigenvector as |1〉(0).
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Now consider the following contribution to the hamiltonian

H ′ = λε

 1 0 0
0 1 1
0 1 1


Now find the exact eigenvalues of Ho +H ′. After that expand them to first

non-trivial order in λ.
Now we know that the excited state energy is non-degenerate. Non degener-

ate perturbation theory tells that the first order corrections to the energy must
be given as

E
(1)
1 = (0)〈1|H ′|1〉(0)

Calculate this and compare it with the result.
Now degenerate perturbation theory tells us that we must first calculate the

following matrix

Mij = (0)〈0i|H ′|0j〉(0) i, j = 1, 2

and diagonalize it. That is find its eigenvalues and eigenvectors. Never mind
the eigenvectors of it now. Just calculate its eigenvalues. Those eigenvalues will
be the energy corrections due to the perturbation on the degenerate level. Once
you are done compare it to the power series expansion of the exact result you
have found previously.
3. A simple application with exact solutions and new lessons

Consider a particle -confined to 1 space dimensions- of charge q under the
influence of a harmonic oscillator potential. In this case the hamiltonian function
is given as

Ho =
p2

2m
+

1

2
mω2x2

Consider somehow that an electric field E is applied along x direction. Show
that with this one must add a contribution to the energy given as follows

H ′ = qxE

Now show that the energy eigenvalues of Ho +H ′ will exactly be given as

En = ~ω(n+ 1/2)− 1

2

q2E2

mω2

Hint: Try to complete the square in the total hamiltonian and make a trans-
formation of variables from x to something else. Also find from this hint the
exact eigenfunctions of the full hamiltonian.

Note that this result makes it manifest that there are no first order correc-
tions to the energy levels. Justify this using first order perturbation theory, that
is use

E(1)
n =

∫
dx ψn(x)(0) qxE ψn(x)(0)

Hint: Use a symmetry argument pertinent to the eigenfunctions ψn(x)(0).
The lesson is that sometimes symmetry arguments may prohibit first order

corrections due to a perturbing hamiltonian.
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