
PHYS 311 FALL 2015 HWA 4. Due Mon Mar 14’th.

1.a. Consider the parity transformations which act on the Cartesian co-ordinates
as x→ −x, y → −y and z → −z. Using the spherical co-ordinates

x = r cosφ sin θ

y = r sinφ sin θ

z = r cos θ

show that exactly the same effect is obtained by r → r, θ → π−θ and φ→ φ+π.
1.b. Show, that the classical description of angular momentum is invariant
under parity transformations and hence we expect the same to hold in quantum
mechanics. The effect of the parity operation can be described by a linear
operator P on the space of functions as follows

ψP (~r) ≡ (Pψ)(~r) ≡ Pψ(~r) = ψ(−~r)

Show using this that P 2 = 1 and thus P = P−1.
1.c. Show that the invariance of the angular momentum operators acting on
these space of functions can be described as

[P,Li] = 0

or equivalently
PLiP

−1 = Li

Now let us recall that we have found the eigenvalues of the angular momen-
tum operators as follows

L2Y ml (θ, φ) = ~2l(l + 1)Y ml (θ, φ)

LzY
m
l (θ, φ) = ~mY ml (θ, φ)

with l = {0, 1, 2, 3, · · · } and m = {−l,−l + 1, · · · , l − 1, l} for a given l.
Show that since Li commute with the P operator, Ylm must also be the

eigenstates of the parity operator. Thus we must have

PY ml (θ, φ) = Y ml (π − θ, φ+ φ) = pl,mY
m
l (θ, φ)

where pl,m
2 = 1. We are not going to find this eiganvalue

Now recall that in the zeroth homework assignment you have shown

L±Y
m
l proportional to Y m±1l

Show by using the invariance of the angular momentum operators that this
implies

pl,m = pl,m±1

and hence that
pl,m = pl

Now you can find from any source that the spherical harmonics Y ml are given
as follows
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Y ml =
(−1)l

2ll!

√
2l + 1

4π

(l +m)!

(l −m)!
eimφ(sin θ)−m

dl−m

dxl−m
(sin θ)2l m ≥ 0

where x = cos θ. The ones with negative values of m can be found using

Y −ml = (−1)m (Y ml )
∗

Show using these functions that one has

pl = (−1)l

This result will be true for all systems where the hamiltonian commutes with
all the angular momentum operators. The most generic situation is particles un-
der potentials that are functions of the radial co-ordinate only. Since the radial
part of the wave-function will simply get r → r under parity transformations
the parity of the total wavefunction is still given as (−1)l.
1.d. The spherical harmonics Yl,m defined above enjoy the following orthogo-
nality relation under the angular integrals∫ π

0

dθ′ sin θ′
∫ 2π

0

dφ′ Y m
′

l′ (θ′, φ′)∗ Y ml (θ′, φ′) = δll′δmm′

Now let us define the following object

~Amm
′

ll′ ≡
∫ π

0

dθ′ sin θ′
∫ 2π

0

dφ′ Y m
′

l′ (θ′, φ′)∗ r̂′(θ′, φ′) Y ml (θ′, φ′)

where r̂′ denotes a radial unit vector.
Without taking any integrals but, using the parity transformations on the

primed variables, that is setting θ′ = π−θ and φ′ = φ+π show that the quantity
A must vanish unless l is even and l′ odd or vice versa. Hint: You must show
that

~Amm
′

ll′ = (−1)l+l
′+1 ~Amm

′

ll′

Now consider focusing on the φ′ integral only, using the definitions of the
quantity ~Amm

′

ll′ . Show that its components along the x̂ and ŷ directions vanish
unless ∆m ≡ m′ − m = ±1. Similarly focusing on the ẑ component to show
that it will vanish unless ∆m = 0.

So, unless ∆m = 0 or ∆m = ±1 the quantity ~Amm
′

ll′ exactly vanishes. This
is a selection rule.

If one now focuses on the θ integrals one can show that the quantity under
consideration will vanish unless ∆l = ±1. This is not given as an exercise but
the interested parties can attack it. It involves using a recursion relation of the
associated Legendre polynomials.
2. Consider orbital and spin angular momentum operators, that obey

[Li, Lj ] = i~εijkLk
[Si, Sj ] = i~εijkSk

[Li, Sj ] = 0
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where a summation over k from 1 to 3 is understood. Remember that any
function of the radial co-ordinate also commutes with these objects.

Now consider the operator ~S · ~L and show that it does not commute with
~S nor with ~L. But it does commute with what is called the total angular
momentum ~J = ~L+ ~S. Show also that it commutes with both L2 and S2. Hint:
since you have learned it in 301 it is wise to use the index notation.

So when the operator ~L · ~S is present as in the LS coupling of the hydro-
gen atom which is a relativistic correction as we have described it in class the
quantum numbers l, s, ms and ml are no longer good quantum numbers. But
in view of the study above a maximal set of commuting operators are Jz, J

2,
L2 and S2. And thus the good quantum numbers are l, s, j and mj . Since
we simply add two angular momenta where s = 1/2 there are only two possible
values of j for a given l and they are j = l±1/2. For l = 0 we only have j = 1/2.
As usual mj values run from −j to +j in unit steps.

But if we would like to overwhelm the LS coupling such that ms and ml

becomes good quantum numbers all we have to do is to put the atom in a
strong external magnetic field. In that case the selection rules studied in the
previous problem will be effective for instance.
3. Find the order of magnitude strength of the internal magnetic field in the
atom. Hint: It should turn out to be

~Bint =
1

4πεo

e

mc2r3
~L

now assume r is of the order of the Bohr radius and ~L is of the order of ~. Give
your answer in Tesla units.

So any external magnetic field that would overwhelm LS coupling should be
larger than this.
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