
PHYS 312 FALL 2015 HWA 5. Due Mon Apr 11’th.

WKB approximation: The basics
Show that the energy eigenvalue equation for time independent hamiltonians

can be written in the following form

ψ′′ = −p
2

~2
ψ (1)

where primes denote derivatives and p(x) ≡
√

2m(E − V (x)). Note that p2 is
a real function. This amounts to considering the object p/~ as the inverse De
Broglie wavelength (modulo a factor of 2π).

Now assume ψ(x) = A(x) exp(iφ(x)) where A and φ are real functions. Show
that Eq.1 is equivalent to the following two equations

A′′ − (φ′)2A = −p
2

~2
A (2a)

φ′′A+ 2φ′A′ = 0 (2b)

Show that Eq.2b can be solved to give

A2 =
C

φ′

So far these results are exact. Now consider Eq.2a which reads

A′′

A
= φ′2 − p2

~2

We shall now make the approximation assumption. We shall assume that
A′′/A is much smaller than both φ′2 and p2/~2. This will give the following

φ′ = ±p
~

Now using the exact solution for A that was found check the meaning of the
approximation A′′/A << p2/~2. You should arrive at an equation that involves
E, V V ′ and V ′′. This should be interpreted as a limit on how slow the potential
should change with position.

Now that we have fully explored the approximation, we can find the answer.
Show that the solution for φ(x) can be expressed as

φ(x) = φ(xo)±
1

~

∫ x

xo

du
√

2m(E − V (u))

where φ(xo) can be picked at ease. We fix it to be zero.
Now let us fix the positive solution and rename it as φ(x). Thus the approx-

imate wave function can be expressed either as

ψ(x) ≈ 1√
p(x)

[
αeiφ(x) + βe−iφ(x)

]
or if the need arises as

ψ(x) ≈ 1√
p(x)

[a cos(φ(x)) + b sin(φ(x))]
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One can show that the Bohr-Sommerfeld quantization rules are closely re-
lated to this approximation which is also called the semi-classical approximation
for good reasons.

We are more concerned with the application to decay processes via quantum
tunnelling.

We can apply the WKB approximation even when E < V (x) that is the
region which is classically forbidden. In this case φ become purely imaginary
and the wave function contains real exponential factors.

Now let us assume that there is a barrier between regions x = xL and x = xR.
We mean that in these regions alone the potential is larger then the energy. It
may be zero outside or simply less then the energy.

1. Simple tunneling process. Assume that in the region between xL = 0
and xR = L the potential is constant and is given as Vo and that otherwise it
vanishes. To the left of the region we have a free particle which we know the
form must be

ψI(x) = Aeikx +Be−ikx

To the right of the region we have again a free particle and we impose that
nothing is injected from the right so the solution must be of the form

ψIII(x) = Feikx

We have discussed in the first semester that the transmission coefficient is
the ratio of the right going current and in this instance it is simply

T =
|F |2

|A|2

We have already calculated this exactly for this system. Now let us consider
what the WKB approximation will say.

We simply pick ψI(0) as the initial condition to the WKB approximation.
Show that in this instance one will get that in the region with the potential the
solution

ψII(x) ≈ ψI(0)
[
αef(x) + βe−f(x)

]
with

f(x) =
1

~

∫ x

0

dx
√

2m(Vo − E) =
√

2m(Vo − E)x/~

Now we make another approximation. We shall (justifiably) assume that
the coefficient of the exponential increase term α is much smaller than the
exponential decay term with β. This is so, since assume that the region was
going off to infinity α would exactly vanish due to the boundary conditions.
This approximation is getting better and better if Vo and L get large.

Show that the following thus holds

T ≈ e−2γ

with

γ =
1

~

∫ xR

xL

dx
√

2m(V (x)− E)
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which is called the Gamow factor. Again xL and xR are to be found where
E = V (x) in the region with E ≤ V (x).
Decay rates in the Gamow approach

As a model for nuclear decays one can create an approximation as follows.
First we assume that the nucleus of an atom is a tight collection of nucleons
(neutrons and protons). This collection is strongly interacting an binding for
low values of the distances between the nucleons (for otherwise they would not
be able to win over the Coulomb repulsion). This interaction is called the strong
interaction the details of which for now we leave out of the study. An alpha
particle on the other hand is another such object again held together by strong
forces. But every now and then inside the sea of interacting nucleons an alpha
particle can form and see itself as if under the influence of an effective potential
created by the other nucleons. So we model the potential of an alpha particle
bound to the nucleus by simply a potential which is constant and attactive for
r > 0 and r < r1, say its value is −Vo. Surely on top of this there is the Coulomb
repulsion between the alpha particle and the rest of the nucleons. This gives us
the following potential that the alpha particle sees

V (r) =

{ −Vo for r < r1
2Ze2

4πεor
for r ≥ r1

Here 2 is the charge of the alpha particle and Z is the charge of the part of the
nucleus other than the alpha particle. Since a decay is our ultimate aim Z is the
electric charge of the daughter nucleus. Or that the parent nucleus has atomic
number Z + 2 before the decay and has Z after the decay. Note also that the
Coulomb repulsion has infinite range; that is it goes on and on up to infinity
and has a rather slow decline.

The Gamow factor is to be calculated as

γ =
1

~

∫ r2

r1

√
2m(E − V )

where we assume E > 0 and r2 is to be found from V (r2) = E for r2 > r1.
Calculate this integral -it can be calculated exactly and hence exists in the

tables. And show that one gets upto first non-trivial order in r1

γ = K1Z/
√
E −K2

√
Zr1

Hint: Assume x = r1/r2 << 1 and perform a Taylor series expansion.
Find the numerical values of K1 in MeV 1/2 and that of K2 in Fm−1/2.
Now as we have discussed in lecture the half life of the parent nucleus can

be estimated to be

τ =
2r1
v
e2γ

where mv2/2 − Vo = E is to be used to estimate v and hence is the source of
unknown factors. But note that for the energy dependence of the half life this
unknown does not enter as a factor that determines everything since in a log(τ)
versus

√
E plot one simply has it as the intercept and the slope is completely

fixed in a way that is free of r1 or v. So the calculation has predictive value. As
we have discussed in lecture E is measured after the decay by the detector of
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alpha particles and one has to use energy conservation E = mpc
2−mdc

2−mαc
2,

which is simply the kinetic energy of the alpha particle. Here mp is the mass of
the parent nucleus, md is the mass of the daughter nucleus and mα is the mass
of the alpha particle.

Now let us try to simplify the model. Let us assume the following model for
the alpha particle

V (r) =

 −Vo r < r1
+V1 L+ r1 > r ≥ r1

0 r ≥ L+ r1

Note that the repulsive potential now has finite range much unlike the
Coulomb repulsion.

Now repeat the procedure above and describe the E dependence of the half
life for this case. Carefully compare the results with the Coulomb result (which
had infinite extent).
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