
Algebraic Methods in Quantum Physics

Angular Momentum
In the first part of this directed study exercise you will get acquainted with

the inner workings of quantum mechanical description of angular momentum.
Remember that in the last homework assignment of PHYS 311 you have

shown that

[Lx, Ly] = i~Lz

[Lz, Lx] = i~Ly

[Ly, Lz] = i~Lx

which can be combined to a single equation as

[Li, Lj ] = i~εijkLk

where a summation over k = 1, 2, 3 is implied, with x representing k = 1 and so
on. Also εijk is the completely antisymmetric object with ε123 = +1. Thus for
instance one has ε213 = −1 and ε231 = +1 and so on.

You have also shown that [
L2, Li

]
= 0

where L2 = Lx
2 + Ly

2 + Lx
2.

So in a compelete (that is maximal) set of commuting independent operators
we can include L2. Since Li do not commute among themselves we can also
include one and only one of them in this list. This is conventionally chosen as
Lz.

Since we have L2 and Lz commuting with each other we can consider a basis
in which they are simultaneously diagonal. This is in complete correspondence
with the fact that two hermitean (a generalization of real symmetric) matrices
that commute can be diagonalized together in a common basis.

We are now going to search for finite dimensional (that is really just matrices)
representations of these operators. As a start there are two important things
to consider. First since these operators are hermitean their eigenvalues will be
real. Second since L2 is a hermitean positive operator its eigenvalues will be
positive semi-definite -that is ≥ 0.

We now consider a finite dimensional vector space where these operators act
as matrices. Since L2 and Lz are diagonal in this basis we posit the following
form

L2|l,m〉 = ~2l(l + 1)|l,m〉
Lz|l,m〉 = ~m|l,m〉

where m and l are real numbers we are after. Note that the form l(l + 1) do
not constrain the values of l other than l(l + 1) ≥ 0 which comes from another
consideration. We could simply have started with general forms f(l) and g(m)
but this much generalization is an overkill. Convince yourselves of this.

Since we have said that these |l,m〉 are eigenvectors of hermitean operators
they must obey the following normalization condition

〈l′,m′|l,m〉 = δll′δmm′
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If you would like to you can envisage |l,m〉 as column vectors and 〈l.m| as
row vectors in a finite dimensional vector space.

To hunt the eigenvalues we have nothing but the original algebra (the set of
commutators) we have, so we must use them. To that end it is better to define
the following operators

L± ≡ Lx ± iLy

Show that one has the following algebra in terms of these operators

[Lz, L±] = ±~L±
[L+, L−] = 2~Lz

Furthermore show that one has

L+L− = L2 − Lz
2 + ~Lz

L−L+ = L2 − Lz
2 − ~Lz

and combining the results one will have

L2 =
1

2
(L+L− + L−L+) + Jz

2

Now using the commutators relations and the definitions involving the basis
eigenstates show that one has

Lz (L±|l,m〉) = ~(m± 1) (L±|l,m〉)

Now argue unambiguously that this, with the original definitions, means
that

L±|l,m〉 = α±
{l,m}|l,m± 1〉

where α±
{l,m} are possibly complex proportionality constants. Note that for a

given l, l behaves as a parameter whereas m is the argument. This is our first
result about the structure.

So we have to find those proportionality constants.
First let us remember that we are looking for finite dimensional matrix rep-

resentation of these operators so hermitean conjugate in this context is simply
taking transpose and complex conjugate. Thus 〈l,m| is the transpose of the
column vector |l,m〉 followed by complex conjugation. With these show that
L+ and L− are hermitean conjugates of each other;

L− = L+
†

Furthermore it is also true that

〈l,m|A† = (A|l,m〉)†

To that end show that one has

〈l,m|L−L+|l,m〉 = |α+
{l,m}|2

〈l,m|L+L−|l,m〉 = |α−{l,m}|2
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However, we also know that

L+L− = L2 − Lz
2 + ~Lz

L−L+ = L2 − Lz
2 − ~Lz

Using these, show that one finally has

|α+|2 = (l −m)(l +m+ 1)

|α−|2 = (l +m)(l −m+ 1)

The possible phases of these numbers can be eaten up in the definition of
the basis eigenstates. Thus we finally arrive at the crucial result,

L±|l,m〉 = ~
√

(l ∓m)(l ±m+ 1)|l,m± 1〉

Since we are looking for finite dimensional representations and that L± in-
definitely raise(or lower) the value of m so as to create new states, there must
be a bound on these. This is also apparent from the fact that L2 ≥ Lz

2. We
thus posit

L+|l,mT 〉 = 0

and
L−|l,mB〉 = 0

So that there is no more state above mT and no more state below mB , where
T and B stand for top and bottom respectively.

Without loss of generality one can pick mB ≥ mT . Remember that we also
have l(l+ 1) ≥ 0. Show that with these limitations one can unambiguously say
that

mB = −l and mT = l

Argue unambiguously that this means

2l ∈ N

and that there are 2l + 1 different values for m for a given value of l.
where N represent the natural numbers, including zero. Thus the final struc-

ture is the following. We first pick a l from the following list

l ∈ {0, 1/2, 1, 3/2, 2, 5/2, 3, · · · }

and for a given value of l we have 2l+ 1 states labelled by its m taking its value
from the following list

m ∈ {−l,−l + 1, · · · , l − 1, l}

Having successfully resolved the structure of angular momentum -albeit in
an abstract form- we can now study some physical properties of it.
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One thing to do is to find the expectation value of the various angular mo-
mentum related operators given that the system is in one of the unmixed states
|l,m〉. The interesting ones are not the diagonal ones given by L2 and Lz.

Now show that one has -it is helpful to represent Lx and Ly in terms of L±-

〈l,m|Lx|l,m〉 = 〈l,m|Ly|l,m〉 = 0

However show also that, one has

〈l,m|Lx
2|l,m〉 = 〈l,m|Ly

2|l,m〉 = ~2
(
l(l + 1)−m2

)
So that one has, between these states,

∆Lx = ∆Ly =
~√
2

√
l(l + 1)−m2 > 0

Check the following Heisenberg uncertainty relation -again between these
states-

∆Lx∆Ly ≥
1

2
|〈l,m| [Lx, Ly] |l,m〉|

What is the lesson we draw from this. Well, since the angular momentum
operators do not commute with each other not all can have definite values, which
is manifested here as the non vanishing higher moments of the observables.

Yet another possibility is to have the state a mixture of the eigenstates |l,m〉.
To that end consider the state is given by a linear superposition of two different
m values for a fixed l. That is let us assume

|Ψang〉 =
1√

a2 + b2
[a|l,m1〉+ b|l,m2〉]

where ”ang” means this is the angular part of some wave-function; as we have
seen in the last semester this is true for angular momentum differential operators
for a 3D Schrödinger’s equation. We assume also that a and b are real numbers.

Now of course this state is not an eigenvector of Lz, but it is an eigenvector
of L2. This means that the state does not have a definite Lz value and a
measurement of Lz will either give m1 or m2 with probability a2/(a2 + b2) or
a = b2/(a2 + b2).

Like in the previous example calculate the expectation value of Lz, Lx and
Ly for this state. Furthermore also calculate ∆Lx, ∆Ly and ∆Lz. Check the
uncertainty relation involving the simultaneous measurement of Lx and Ly.

One can also study these matrix valued representations explicitly. To that
end let us consider the case with l = 1/2 which means that the dimensionality
is 2. To simplify notation we shall use the following notational convention

|1/2,+1/2〉 ≡ |+〉
|1/2,−1/2〉 ≡ |−〉

These abstract states can be represented with column vectors in a 2-dimensional
complex vector space as usual

4



|+〉 =

(
1
0

)
and |−〉 =

(
0
1

)
Since we know the eigenvalues of L2 and Lz, it is trivial to represent them in
this space. L2 is of course a multiple of identity with prefactor l(l + 1) = 3/4,
and the other is

Lz =
~
2

(
1 0
0 −1

)
≡ ~

2
σz

Show that, in this representation, the operators L+ and L− become

L+ = L−
† = ~

(
0 1
0 0

)
Using the definitions of L± in terms of Lx and Ly show that one gets Lx =

~σx/2 and Ly = ~σy/2 where

σx =

(
0 1
1 0

)
and σy =

(
0 −i
i 0

)
The matrices σi are called the Pauli Spin matrices. We shall see that this

representation is that of a spin (to be defined in lectures) 1/2 object, a fermion.

Yet another representation that is important is one with l = 1. So we see
from 2l+ 1 that it is 3 dimensional. Use our methodology so far to find Lz, Lx

and Ly in this representation. Hint: Again first construct the eigenstates as the
canonical unit vectors and from those construct L±.

Quantum Simple Harmonic Oscillator
In this part we shall try to find the energy eigenvalues and eigenvectors of

the quantum harmonic oscillator. In an abstract sense we are looking for the
eiqenvalue equation,

H|n〉 = En|n〉
where n is a label that distinguishes the states -not necessarily an integer per
se, we leave its values to be discovered from the analysis. Since eigenvectors of a
hermitean operator are orthogonal we assume the usual normalization condition,

〈n|m〉 = δnm

We also are given that

H =
1

2m
P 2 +

1

2
mω2X2

First let us introduce dimensionless operators as follows

X̂ =

√
mω

~
X

P̂ =
1√
mω~

P
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Show that the hamiltonian becomes

H = ~ωĤ

with

Ĥ =
1

2

(
P̂ 2 + X̂2

)
which will mean that En = ~ωεn where εn is to be found.

Now let us introduce two more operators as follows

a ≡ 1√
2

(
X̂ + iP̂

)
This of course also defines another operator. Prove that one has

a† =
1√
2

(
X̂ − iP̂

)
Now, using the commutator relation of X and P , show that[

a, a†
]

= 1

and that

Ĥ = N + 1/2

where
N = a†a

So if we find the eigenvalues of N we do find eigenvalues of Ĥ, also for the
eigenvectors. So let us posit

N |n〉 = n|n〉

Note that the possible values that n can have is to be discovered. At this
point of analysis we can only say that it must be positive semi-definite, that is
n ≥ 0. To prove this let us consider the following state,

|ψ〉 ≡ a|n〉

and show that the fact that |ψ〉 must have a norm which is positive semi-definite
one must have n ≥ 0. Note that since we have assumed 〈n|m〉 = δnm, the state
a|n〉 is not necessarily of unit norm, though of course it is finite and positive.

Now show that one has

[N, a] = −a[
N, a†

]
= +a†

Using these, on the definitions so far, show that one has

N (a|n〉) = (n− 1) (a|n〉)
N
(
a†|n〉

)
= (n+ 1)

(
a†|n〉

)
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Thus argue unambiguously that one must have,

a|n〉 = α(n)|n− 1〉
a†|n〉 = β(n)|n+ 1〉

Now, using 〈n|N |n〉 = 1 and the commutators of a and a†, show that

α(n) =
√
n

β(n) =
√
n+ 1

Thus, at the expense of repetition,

a|n〉 =
√
n|n− 1〉

a†|n〉 =
√
n+ 1|n+ 1〉

Now it is clear that once we are given a single state |ninput〉, we can generate
many states from it. And it is here that we must realize an important issue.
Remember that in one of the homework assignments in the past semester you
have shown that, if the potential in a hamiltonian has a global minimum with
value given as Vo the ground state energy Eg must be larger than that. That
is Eg > Vo

1. So in view of all this, we know that there must be a state with
minumum energy and hence there are no states below it. Since a lowers the
eigenvalues this must be realized as a condition;

a|ng〉 = 0

where ng is the minimum eigenvalue of N . Now using the definitions of a,
express it in terms of X and P , using also P ↔ −i~∂/∂x and show that one must
have the following differential equation for the position space representation -a
function of x really- of the ground state(

mω

~
x+

∂

∂x

)
ψg(x) = 0

Solve this equation and show that the solution is

ψg(x) = exp

(
−1

2

mω

~
x2
)

Now express H as a differential operator and act it on this wave-function to
show that one has

Hψg(x) =
1

2
~ωψg(x)

From these show that one must have

1Remember that the equality sign is absent in quantum mechanics as opposed to classical
mechanics since this would mean that the particle is at rest at the minimum of the potential,
but this would mean that it has definite momentum and position. This is forbidden by
Heisenberg’s uncertainty relation and hence is impossible
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ng = 0

and hence the eigenvalues of the operator N are natural numbers including zero.
We are therefore finished. The eigenvalues of H are

En = ~ω(n+ 1/2)

there is a ground state described as |0〉 and the other states are |n〉 obtained
by acting a† on the ground state n times. Show that one must have

|n〉 =
1√
n!

(
a†
)n |0〉
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