
PHYS 401 Fall 2016 2’nd homework assignment. Due Oct 4’th.

In what follows use abstract index notation (along with the Einstein summa-
tion rule which says that dummy indices are summed over. A dummy index is
that which happens only on one side of an equation. If an index is to appear on
both sides of an equation it is called a free index.) with the hidden assumption
that you use cartesian unit vevtors along with cartesian co-ordinates. In this
case one has the unit vectors êi given as ı̂, ̂ and k̂ for i = 1, 2 and 3 respec-
tively. The important thing to notice is that these unit vectors do not have
dependence on the co-ordinates. Use the notation ∂i to denote partial deriva-
tives with respect to the co-ordinates. In the cartesian case for instance ∂1 will
stand for ∂/∂x and so on. The simplicity of the cartesian system is that one has
(∂iêj) = 01. The other properties are universal for orthonormal systems that is

êi · êj = δij and (êi × êj) · êk = εijk always. Also denote ~∇ · ~∇ operator as ∇2;
in cartesian co-ordinates it amounts to the operator ∂2/∂x2 +∂2/∂y2 +∂2/∂z2.

1. Show that
εijkεklm = δilδjm − δimδjl

Note that on the lhs there is a sum over k.

2. Show that
εiakεkaj = αδij

and find the numerical constant α. Note that now there is a double sum-
mation on the lhs.

3. Find the numerical constant β in εijkεkji = β.

4. Show that the following will hold (every quantity has space dependence)

• ~∇× (~∇f) = 0

• ~∇ · (~∇× ~A) = 0

• ~∇× (~∇× ~A) = ~∇(~∇ · ~A)−∇2 ~A

• ~∇ · ( ~A× ~B) = ~B · (~∇× ~A)− ~A · (~∇× ~B)

• ~∇ · (f ~A) = (~∇f) · ~A+ f ~∇ · ~A.

• ~∇× (f ~A) = (~∇f)× ~A+ f ~∇× ~A.

5. Show that ~∇ · ~r = 3 and ~∇× ~r = 0 where ~r is the radial vector from the
origin to the point of interest.

6. Consider the family of curves given as y = x2 + b where a and b real
numbers. Convince yourselves that from a given point on the plane only
a single such curve may pass. Now consider the function f(x, y) = y − x2
along with its level curves defined as f(x, y) = b. Pick a point P not at
the origin of the co-ordinate system and find the level curve that passes
through it, that is find b parameter for P . Now find the equation for the
tangent to the curve and the normal to the curve. Now calculate ~∇f and
show that it is along the normal to the curve and in the direction where
f increases (the most of course).

1Note that this not true for the cylindrical polar co-ordinates for instance
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7. Now we shall consider cylindrical polar co-ordinate system. The connec-
tion to the cartesian co-ordinates are as follows

x = ρ cos(ϕ)

y = ρ sin(ϕ)

z = z

with ϕ ∈ [0, 2π].

First let ρ̂ = ı̂ cos(ϕ) + ̂ sin(ϕ) and k̂ = k̂ and find ϕ̂ such that one ends

with a right handed orthogonal system with ρ̂× ϕ̂ = k̂ and k̂× ρ̂ = ϕ̂ and
ϕ̂ × k̂ = ρ̂ and that ρ̂, ϕ̂ and k̂ are all normalized to unit length and are
orthogonal to each other.

Now note that we can still use the abstract index notation with a labelling
such that ∂1 = ∂/∂ρ, ∂2 = (1/ρ)∂/∂ϕ and ∂3 = ∂/∂z along with Ê1 = ρ̂,

Ê2 = ϕ̂ and Ê3 = k̂ so that a vector can still be expressed as ~A = ÊiAi
where one can also call A1 = Aρ etc. But in this case one does have

(∂iÊj) 6= 0 and this will create some complications.

Now define the gradient operator as usual Êi∂i and show that

~∇ · ~A =
1

ρ

∂

∂ρ
(ρAρ) +

1

ρ

∂Aϕ
∂ϕ

+
∂Az
∂z

To that end start with

~∇ · ~A = (Êi∂i) · (ÊjAj) = (Êi · ∂iÊj)Aj + (Êi · Êj)(∂iAj)

We know that in a right handed orthonormal frame one has Êi · Êj = δij
along with Êk · (Êi× Êj) = εijk so the second term is easy. The first term

is complicated by the fact that ∂iÊj 6= 0. Work it out explicitly by doing
the double sum over i and j.

Similarly show that

∇2f =
1

ρ

∂

∂ρ
(ρ
∂f

∂ρ
) +

1

ρ2
∂2f

∂ϕ2
+
∂2f

∂z2

Also show that

~∇× ~A = ρ̂

(
1

ρ

∂Az
∂ϕ
− ∂Aϕ

∂z

)
+ ϕ̂

(
∂Aρ
∂z
− ∂Az

∂ρ

)
+ k̂

1

ρ

(
∂

∂ρ
(ρAϕ)− ∂Aρ

∂ϕ

)

8. Spherical co-ordinates are defined as

x = r cos(ϕ) sin(θ)

y = r sin(ϕ) sin(θ)

z = r cos(θ)
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where ϕ ∈ [0, 2π] and θ ∈ [0, π]. Note that in terms of cylindrical polar
co-ordinates one has r2 = ρ2 + z2.

Consider the following function

f(~r) =
1

|~r − ak̂|
− 1

|~r + ak̂|

where a is a constant and |~s| =
√
~s · ~s for any vector ~s, so ~r is the vector

from the origin to the point of interest. Now assume that r = |~r| >> a
and perform a Taylor expansion of this function upto and including order
a2/r2.
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