
PHYS 401 Fall 2016 MIDTERM 2.

1. 30pts A conducting sphere of radius R which is at potential Vo is half
embedded in linear dielectric material of susceptibility χ, which occupies
the region z < 0. Claim: the potential everywhere is exactly the same as
it would have been in the absence of the dielectric. To check this claim
proceed as follows:

• Find the suggested potential V (r) in terms of Vo, R and r. Use it to
determine the field, the polarization, the bound charges and the free
charges everywhere.

• Show that the total charge distribution would indeed produce the
potential V (r).

The rest follows from the uniqueness theorems.

Solution: We are given an ansatz: find the potential in the absence of the
dielectric. Since this is just the potential of a conducting shell of radius
R held at a potential Vo. We readily have the solution as V (r)in = Vo
and V (r)out = VoR/r if the potential is to vanish at infinity. This means
that the surface charge σo = εoVo/R and the electric field is given as
~E = Qor̂/4πεor

2 = RVor̂/r
2 for r > R and it vanishes inside the sphere.

Now we shall apply this to the case where the lower half plane -cutting
the sphere in the middle- is filled with a linear dielectric. We readily have
for z > 0

~P = 0 (1)

~D = εoRVo
r̂

r2
(2)

and for z < 0

~P = χRVo
r̂

r2
(3)

~D = (1 + χ)εoRVo
r̂

r2
(4)

and all the fields vanish for r < R.

Now we shall find the free and bound charges due to these fields.

First of all since the polarization is radial its divergence is zero whereever
there is dielectric material. Note that the divergence of a radial distribu-
tion is non-zero at the origin but this is outside the dielectric where the
polarization vanishes. So there are no bound volume charges. Again since
the polarization is radial it can not create a surface charge density on the
z = 0 plane since it is parallel to it. However at the lower half of the
sphere it will create ~P · (−r̂) = σb − χεoVo/R surface charge for z < 0.

Now we turn our attention to the displacement. The displacement vector
obeys the Gauss’s law with only real charges and thus very close to the
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sphere it is given as σrn̂ since inside the sphere it is to vanish. We thus have
for z > 0 σf = εoVo/R and for z < 0 one will have σf = (1 + χ)εoVo/R.

Thus the total charge is distributed evenly on the sphere and is given as
σt = σo. From the uniqueness theorems we see that it is thus equivalent to
the case where there is no dielectric. Note that what is equivalent between
the two systems is just the electric field.

All this follows from the fact that since the potential boundary condition
is spherically symmetric so must the electric field. And furthermore what
is also essential is that due to the placement of the dielectric all bound
charges are forced to be on the sphere.

2. 30pts Two long coaxial cylindrical metal tubes (inner radius a and outer
radius b and each of zero thickness) stand vertically in a tank of dielectric
oil (susceptibility χ and mass density ρ). The inner one is maintained at
potential Vo and the outer one is grounded. To what height h does the oil
rise in the space between the tubes?

Solution: We first assume that the liquid level is at a height h and the
total length of the capacitor is L to calculate the total capacitance. Note
that this amounts to two parallel capacitors: one of length L − h which
does not contain dielectric and the other of length h which does contain the
dielectric. Remember that the total capacitance of two parallel capacitors
are simply the sum of the capacitances of the constituents.

The capacitance of a coaxial cylindrical capacitor can easily calculated to
be C = 2πεoL/ ln(b/a). So the total capacitance of our system

C =
2πεo

ln(b/a)
[L− h+ (1 + χ)h] =

2πεo
ln(b/a)

[L+ χh]

Now we know that the battery does work and pulls the dielectric material
up. If not for the gravitaional field it would pull it all inside. The force
on the dielectric material supplied by the battery is

Fb =
d

dh

1

2
CV 2

o =
πεoχ

ln(b/a)
V 2
o k̂

On the other hand the force on the dielectric material due to gravity is
just −ρπ(b2 − a2)ghk̂. The net force on the dielectric must vanish at
equilibrium and thus one gets

h =
εoχV

2
o

ρg(b2 − a2) ln(b/a)

3. 40pts A thin glass rod of radius R and length L carries a uniform surface
charge σ. It is set spinning about its axis at an angular speed ~ω = ωk̂
where k̂ coincides with the symmetry axis of the rod. Find the magnetic
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field at a distance r >> R on the plane that is perpendicular to the rod
and cuts it on the middle; which you can take to be the z = 0 plane. Hint:
The magnetic field of a pure dipole is

~B =
µo

4π

1

d3

[
3d̂(~m · d̂)− ~m

]
where ~d is the distance vector from the dipole to the point of interest.

Also ∫
dx

(2x− 1)

(1 + x2)5/2
= − x

(1 + x2)3/2

First of all the rod can be seen as a stack of circular currents of radius R.
But since we are given that r >> R we surely also have

√
r2 + z2 >> R

where z would be our location on the rod. So we can approximate all the
little circular currents as pure dipoles situated at height z where z ranges
from −L/2 to L/2.

Now let us consider a portion of the rod situated at ~r′ = k̂z and of thickness
dz. The magnetic moment of such a circular current is simply d~m =
πR2dIk̂ where dI = Rωσdz. Furthermore let us say the location of the
point of interest is at ~r = r~r where ~r stands for the cylindrical radial
co-ordinate. The distance from the loop to the point of interest is thus
~d = rr̂ − zk̂.

Some easy algebra will yield the following

~B =
µoR

3ωσ

4r2

∫ L/2r

−L/2r

du
−3ur̂ + (2u2 − 1)k̂

1 + u2

5/2

The first term under the integrand yields an odd function integrated over
an even interval and thus vanishes. Also (using the corrected hint!!!)∫

dx
(2x2 − 1)

(1 + x2)5/2
= − x

(1 + x2)3/2

which will eventually yield

~B = (−k̂)
µoR

3ωσL

4(r2 + L2/4)3/2
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