
PHYS 402 Spring 2017 3’rd homework assignment. Due Mar 7’th.

Here is the equations of motion that we have found in their non 4-vector
form (~F is used instead of ~FN ).

~F =
d~p

dt

~u · ~F =
dE

dt

with

E = mc2Γ(~u)

~p = m~uΓ(~u)

where ~u is the velocity of the particle and Γ(~u) = 1/
√

1− u2/c2.
Let us also recall the object we have called the position 4-vector X with

components X0 = ct, X1 = x, X2 = y and X3 = z. Now if in some co-ordinate
system this is given asX, in another co-ordinate system that has relative velocity
~v = cβı̂ where it is called Y = X ′ we have the transformations

Y 0 = γ(X0 − βX1)

Y 1 = γ(X1 − βX0)

Y 2 = X2

Y 3 = X3

any object that transforms like this is called a four-vector. Remember also that
we have defined

X ◦X ≡ (X0)2 − (X1)2 − (X2)2 − (X3)2

In the 4-vector form we had

U ≡ cdX
ds

with ds = cdt
√

1− u2/c2 and U ◦ U = c2.
We have also P ≡ mU where m turned out to be the inertial mass, along

with

F ≡ cdP
ds

1. In one space dimensions, use the Lorentz transformations to find how the
acceleration of a particle is transformed to another observer. Note that
since we have confined to one space dimensions, the velocity of the particle,
its acceleration and the relative velocity of the two observers are collinear.
Hint: Use the same approach as we have done to find how the velocities
are composed; your final result should be of the form a′f(u′) = af(u)
where f is some function of the velocity.
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2. Devise thought experiments to prove that there can be no length contrac-
tion in directions perpendicular to the velocity of an object. Can you do
it with a single experiment? Now that you have done this show that one
has general Lorentz transformations can be written as

ct′ = γ(ct− βr‖)

r′‖ = γ(r‖ − βct)
r′⊥ = r⊥

where r‖ and r⊥ are the projections of ~r along the directions parallel and

perpendicular to the relative velocity of the two frames, ~v = c~β.

From these show that one has

ct′ = γ(ct− ~β · ~r)

~r′ = ~r + (γ − 1)
~β

c
· ~r − ~βct

3. For an inertial observer one has a rod of length L which lives on the z = 0
axis and has an angle ϕ with the ı̂ axis. Now consider another observer
with relative velocity ~v = cβı̂ find the length L′ of the rod and the angle
ϕ′ defined in this new system.

4. Consider a particle of mass m under the influence of a force given as
~F = Fo ı̂. It starts at the origin and has initial velocity ~u(0) = uô. Find
~u(t), ~a(t) and ~x(t). Now find the trajectory y(x) by eliminating the time
variable.

5. Again consider the problem above. But this time assume that the force
field is operative only in a region of space bounded bye x ∈ [0, d]. A particle
is injected from the left by ~u = uô. Find the time when the particle exits
the force region. At that instant what direction is its velocity vector?

6. Consider the Minkowski four force acting on a particle. We have identified
its elements as F0 = Γ(~u)~u · ~F/c and ~F = Γ(~u)~F . Now as this is a
four-vector that transforms in the same way as X we must have F ◦ F =
F ′◦F ′, where primes mean the same physical object in reference to another
inertial observer. Show that this does not in general mean that one must
have ~F = ~F ′. But also show that if the force, the motion of the particle
and the motion of all the inertial observers are confined to one space
dimensions one will have the equality of the forces in different inertial
frames.

7. The Minkowski four-force has a special meaning in a frame that instanta-
neously moves with a particle. Show that ~F is the force registered by the
moving particle in its own inertial frame.

8. We have given special attention to the infinitesimal interval along the
trajectory of a particle. We have called it ds and it is given as ds =
cdt

√
1− u2/c2. Now assume that the trajectory of a particle is given

and hence one also knows the time dependence of its velocity ~u. Argue

that τ ≡
∫ t2

t1
ds is the time registered by an ideal clock that moves with
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the particle. Ideal means it is not influenced by accelerations or that any
effect of the acceleration is calculated and taken care of. Hint: Consider
the motion as a limit sequence of constant velocity motions. Now assume
that the motion is one dimensional and one has u(t) = c sin(ωt). Find the
integral above within one period of oscillation.
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