
PHYS 402 Spring 2017 4’th homework assignment. Due Mar 21’st.

1. There are not many cases where relativistic equaitons of motion can be
solved even for a single particle. However the case of constant force is
not the only one. Consider a charged particle with charge q < 0 in the
presence of a magnetic field ~B = Bok̂. Remember that as the Lorentz
force is q~u× ~B it will not do work.

• Consider this problem within Newtonian dynamics. Solve the equa-
tions of motion with the initial conditions ~r(0) = ro ı̂ and ~u(0) = uô.
Find ~r(t) and show that the trajectory is a right handed circle and
the speed is constant. Call the radius of this circle R and describe it
in terms of the given quantities. Also as the particle rotates one can
assign an angular velocity to it and call it ω. Show that the speed
of the particle and the angular velocity and the radius of the circle
obey the well known geometrical relation one expects from circular
motion.

• Now consider solving this problem within the relativistic equations
of motion with the previous initial conditions again call the radius
of the circle R and the angular velocity ω. Show that despite the
naive expectation that it could the particle does not go faster than
the speed of light.

2. Now let us recall the constant force problem of the previous assignment
assume the particle starts at rest. You have found the acceleration of the
particle under this initial conditions. Now also recall the transformations
of the accelerations that you have done in the previous homework. With
these find the acceleration for an inertial observer instantaneously moving
with the same velocity as the particle, this thing is called proper accelera-
tion. Is this a constant for this particular problem? If yes we can call this
motion motion with constant proper acceleration: one that would gener-
ate -via the equivalence principle that states that constant acceleration
frames feel constant gravitational fields- a constant ~g in the frame of the
ship.

3. Show that if one has Fµν = −F νµ one also has Fµν = −Fνµ. Hint: Raise
with the inverse metric tensor and lower with the metric tensor.

4. We have seen that a four-vector transforms in a very specific way under
Lorentz transformations. It is given as

V ′µ = Λµν(~β)V ν

and if the relative velocity is ~β = cβı̂ we have seen that one has Λ0
0 =

Λ1
1 = γ and Λ0

1 = Λ1
0 = −βγ and Λ2

2 = Λ3
3 = 1, while all other

components vanish.

Now how should the tensors transform under Lorentz transformations. To
be specific assume that there exists an object defined with respect to a
given inertial frame as Aµν . What are the components in another frame?
Do not specify ~β. Hint: Think of a similar type object that would fall in
the same category.

1



5. In special relativity also one can introduce a completely antisymmetric
normalized symbol. In component notation it is given as εµνλσ. Complete
anti-symmetry means that after interchanging two symbols next to each
other one will pick a minus sign. The normalization is such that one
defined ε0123 = 1. One we have this symbol one can define objects such as
εµνλσ, εµνλσ and so on. Note that as these indices are raised via the inverse
metric they may change sign upon raising. Now consider the following
object

Eµνλσ ≡ εαβγδΛ
α
µΛβνΛγλΛδσ

and show that one has

Eµνλσ = εµνλσDet(Λ)

6. Compute the following in terms of the identity tensor δµν .

εµναβε
µνγδ

7. Remember that we were able to arrive at electromagnetism via purely
relativistic thinking on antisymmetric tensors. Let us recall that we have
defined Fµν to be anti-symmetric and we have also defined its dual tensor
as

F̃µν ≡ 1

2
εµνλσF

λσ

Now surely these obey trivial relations as ∂µνF
µν = 0 and ∂µν F̃

µν = 0. If
we see these as

∂µF
µν = Aν

∂µF̃
µν = Bν

the consistency relations for these to be integrable becomes ∂µA
µ = ∂µB

ν =
0. With these conditions one has six free degrees in A and B which can
fix the degrees in F .

This was what we can do just with math. In relation to what we have done
in class due to the symmetry of these if A is to be seen as electric charge
four-current density B must be seen as magnetic charge four-current den-
sity. But there are no observations of a magnetic monopole in nature and
we set Bµ = 0 and the candidate for electromagnetism became

∂µF
µν = Aν

∂µF̃
µν = 0

In fact one can be more general. In the presence of both A and B which
one is to be called electric and which magnetic? To that end assume all
particles in nature have both electric and magnetic charge BUT the ratio
to electric and magnetic charge is universally constant. This will imply
Bµ = κAµ where κ is a constant.

Show that by a suitable redefinition of objects one can arrive at a theory
similar to electromagnetism as we know it.
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8. Express FµνF
µν and F̃µνµν in terms of ~E and ~B.

9. We have re-expressed the equation of motion of a charged particle in the
presence of electromagnetic fields as

dPµ

ds
=

q

mc
FµνP

ν

where Fµν = ηναF
µα. Check that this really gives

d~P

dt
= q( ~E + ~u× ~B)

10. Consider a charged particle under the influence of constant electric and
magnetic fields. That is Fµν is a constant. Now if we see Pµ as a column
four-vector then Fµν can be seen as a matrix, where the lower index is
sure to represent the rows. Show that under these conditions the solution
to the differential equation is given as

Pµ(s) = M(s)µνP
ν(0)

and find M(s). Hint: For instance the object FµαF
α
ν can be re-expressed

as (F 2)µν .
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