
PHYS 402 Spring 2017 5’th homework assignment. Due Mar 28’th.

1. In the first part of this homework assignment we shall be considering the
electric and magnetic fields of a moving massive charged point particle
with charge q. There are various equivalent ways to do this.

• Consider a frame S in which the particle is sitting (and was always
sitting) at the origin. The electromagnetic potentials are A0 = V/c

and ~A = ~A. We know that for S one has

A0(~r, t) =
1

c

1

4πεo

1

|~r|
~A(~r, t) = 0

Now we shall perform a Lorentz transformation to a frame S’ that
has ~β = βk̂ in relation to S and thus the particle will appear to move
with velocity ~u′ = −βk̂. As we know the Lorentz transformations
reads

A′µ(~r′, t′) = Λµν(~β)Aν(~r, t)

with the co-ordinates of the events transformed as

x′µ = Λµν(~β)xν

and surely
xµ = Λµν(−~β)x′ν

Perform these transformations and show that in the frame S’ one has

A′0(~r′, t′) =
cqΓ(u′)

4π

1√
x′2 + y′2 + Γ(u′)2(z′ − u′t′)2

A′3(~r′, t′) =
uqΓ(u′)

4π

1√
x′2 + y′2 + Γ(u′)2(z′ − u′t′)2

A′1(~r′, t′) = 0

A′1(~r′, t′) = 0

Now use the definitions ~E′ = −~∇′V ′ − ∂ ~A/∂t′ and ~B′ = ~∇′ × ~A′ to

find the electric and magnetic fields ~E′(~r′, t′), ~B′(~r′, t′) in the frame
S′. Do you expect that in S’ the electric and magnetic fields are
perpendicular to each other? Explain if yes and if no. Later show by
explicit calculation your expectation.

Now assume the velocity u of the particle in S′ is actually slow, that
is one has u/c << 1 and hence we expect time retardation effects to

become negligible. Show that in this case µoεo∂ ~E
′/∂t′ becomes small

compared to ~∇′× ~B′ and also that ∂ ~B′/∂t′ becomes small compared

to ~∇′ × ~E′. Consequently check that this is what you would expect
by the application of Gauss’s law and Biot-Savart’s law.

Now consider in S’ the electric field. As we have constructed things
the particle is passing through the origin ~r′ = 0 at t′ = 0. So consider
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the electric field at t′ = 0. Argue that even though it is a radial field it
is not spherically symmetric. Now in S’ apply Gauss’ law in integral
form. That is integrate ~∇′ · ~E′ inside a sphere of radius R′ and show
explicitly that the result is q/εo; as one would expect.

Now consider the electric field in S’ on a sphere of radius R′. Express
the strength of the electric field in terms of R′, θ′ and φ′ and plot it.
In what directions the electric field is strongest and in what direction
it is weakest. Can you make sense of this result in terms of length
contraction if you consider the electric field as rigid arrows.

Now consider the magnetic field in S’. Show that it is right handed
circular about the direction of the velocity.

• Now we shall use the transformations of the full electromagnetic field
tensor. The transformation rule is

F ′µν(~r′, t′) = Λµµ̄Λνν̄F
µ̄ν̄(~r′, t′)

Show that with this method you get the same ~E′ and ~B′; the trans-
formation is to be picked course along k̂ as in the previous problem.

• One can also study the same problem in S’ with the direct use of the
result we have found on vector potentials

A′µ(~r′, t′) =
µo
4π

∫
d3~r′′ dt′′

J ′µ(~r′′, t′′)δ((t′ − t′′)− |~r′ − ~r′′|)
|~r′ − ~r′′|

We shall not do it this week as it is a bit more involved. However
it is clear that we need to figure out the four-current density in the
frame S’.

To that end we again will use Lorentz transformations. First show
that in the frame S where the particle is at rest the four-current is
given as

J0(~r, t) = cqδ3(~r) = cqδ(x)δ(y)δ(z)

~J(~r, t) = 0

Now perform the Lorentz transformation as we have done before
(along k̂) to show that one will have

J ′0(~r′, t′) = cqδ(x′)δ(y′)δ(z′ − u′t′)
J ′3(~r′, t′) = u′qδ(x′)δ(y′)δ(z′ − u′t′)
J ′1(~r′, t′) = 0

J ′2(~r′, t′) = 0

Now these can be used to calculate the potentials. But do not do it
now. You will do it next week.

2. Recall that you have found the Lorentz transformations with arbitrary
parameter ~β is given as
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ct′ = γ(ct− ~β · ~r)
~r′ = ~r + (γ − 1)β̂(β̂ · ~r)− γct~β (1)

Clearly this transformation is going to hold for any four-vectors. For
instance for the four-vector potential we shall therefor have

A′0(~r′, t′) = γ(A0(~r, t)− ~β · ~A(~r, t))

~A′(~r′, t′) = ~A(~r, t) + (γ − 1)β̂(β̂ · ~A(~r, t))− γA0(~r, t)~β

Use the primed files in the S’ frame and the definitions ~E′ = −~∇′ · V ′ −
∂ ~A′/∂t′ and ~B′ = ~∇′ × ~A′ to show that one has at a given space-time
event one has

E′
‖ = E‖

B′
‖ = B‖

E′
⊥ = γ( ~E + c~β × ~B)⊥

B′
⊥ = γ( ~B − ~β × ~E/c)⊥

where ‖ and ⊥ mean the components parallel and perpendicular to ~β
respectively.

From these find the full transformations. That is ~E′ = · · · and ~B′ = · · · .
With these explicitly show that one has E2 − c2B2 = E′2 − c2B′2 and
~E · ~B = ~E′ · ~B′.
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