
PHYS 411 Fall 2014 11’th homework assignment, due Dec 17’th.
A directed exercise for a charged particle under the influence of a constant
magnetic field. Mostly on what we have done in class. It is wise to understand
the emphasis put on this exercise.
The Classical Treatment

In the classical treatment we do not really need the potentials to study the
motion; we can only refer to the physical ~E and ~B fields via the Lorentz force.
That is we have

µ
d~v

dt
= q

(
~E + ~v × ~B

)
= q~v × ~B (1)

since the electric field is given to vanish everywhere. Note that since the mag-
netic force is perpendicular to the velocity it can not do work and we have
dE/dt = 0 with E = mv2/2.

Show that the following trajectory is a solution of the problem for ~B = Bk̂

x(t) = xc +R cos Ωt and y(t) = yc −R sin Ωt and z(t) = αt+ z(0)

and hence

vx(t) = −RΩ sin Ωt and vy(t) = −RΩ cos Ωt and vz(t) = α

where RΩ =
√
vx(0)2 + vy(0)2 =

√
2mE⊥ and Ω = qB/µ. The total energy

which is a constant of motion is E = E⊥+µα2/2. Thus the trajectory projected
to the xy plane is a circle of radius R centred at xc and yc. At t = 0 the particle
starts at the north pole of the circle with an initial velocity to the right; as
expected since a positively charged particle will rotate clockwise in this magnetic
field.

Note that since we have only referred to the physical fields, the position and
the velocity are gauge invariant quantities: They are blind to our choice of the
gauge fields, they only care about ~E and ~B; nowhere yet we needed to use the
gauge potential giving rise to these fields.

Thus for a given energy we have an infinite possibility of circular orbits of
the same radius -fixed with the initial energy E⊥- centred at arbitrary locations
on the plane. We can surely attribute this duplicate of orbits to the invariance
of the system under translations perpendicular to ~B. Another symmetry of the
system is rotations about ~B. Consider we rotate a given orbit, its center will be
rotated and its radius will remain the same for a given E⊥ but the same orbit
can also be achieved via translations of the center alone. Thus various orbits
that have a given same distance -from the origin of our co-ordinate system- for
the center of the circular trajectory can be transformed to each other either via
translations or via rotations; a peculiarity of 2D euclidean space.

It is also instructive to get the equations of motion from the lagrangian
perspective. To that end define

L(~x,~v = ~̇x) =
1

2
µ~v · ~v + q~v · ~A− qϕ

where ~A and ϕ are the potentials that give the electomagnetic fields according
to

~E = −~∇ϕ− ∂ ~A

∂t
~B = ~∇× ~A
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Show that the Euler-Lagrange equations

d

dt

(
∂L

∂~v

)
=
∂L

∂~r

give rise the equations of motion in Eq.1.
The hamiltonian formalism can be worked out starting from the lagrangian

above. To that end one first defines the canonical momentum associated with
the position ~x as follows

~p ≡ ∂L

∂~v

which serves as a constitutive relation to write the hamiltonian

H = ~p · ~v − L

in terms of ~p and ~x instead of ~x and ~v.
Show that the hamiltonian becomes

H =
1

2

(
~p− q ~A

)2
+ qϕ

Show that the Hamilton equations

∂H

∂pa
= ẋa and − ∂H

∂xa
= ṗa

give rise to the equations of motion in Eq.1.
To recover the quantities that are invariant in this system let us first recall that
xc = x+ vy/Ω and yc = y− vx/Ω. Define R2 ≡ (x− xc)2 + (y− yc)2 and show
that one has

R2 =
2

µΩ2
H⊥

and since H⊥ = E⊥ for a given initial energy, R2 is a constant of motion. Surely
this is the same as the radius of the orbit. Note that x−xc and y−yc are given
in terms of vy and vx these are gauge invariant quantities from the outset.
Let us furthermore define the moment of the mechanical momentum µ~v with
respect to the center of the circular orbit. Show that the k̂ component of this
moment is given as −2H/Ω and consequently is also a constant of motion. Note
that this is also a gauge invariant quantity from the outset.
Let us now consider Lz = xpy − ypx. Show that using the gauge choice ~A =
~B×~r/2 one has Lz = qB(x2c +y2c−R2)/2 and hence also is a constant of motion.
The angular momenta -defined as the moments of canonical momenta- are not
generally gauge independent quantities since ~p is in general gauge dependent.
This result just found is only valid in our particular gauge - ~A = ~B × ~r/2- and
hence does not have genuine physical relevance, but it will be of use when we
consider the quantum problem with the same gauge choice.
The Quantum Treatment

We have

H =
1

2µ

(
~P − q ~A

)2
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Show that it splits into two pieces

H = H⊥ +H‖

where

H‖ =
P 2
z

2µ
=

1

2
µVz

2

and

H⊥ =
1

2µ
(Px − qAx)2 +

1

2µ
(Py − qAy)2 =

1

2
µ(V 2

x + V 2
y )

Since we picked ~A = ~B × ~r/2 we have Az = 0, Ax = −By/2 and Ay = +Bx/2.
Now assume the canonical commutation relations which are the very essence

of quantization, [Pi, Pj ] = 0, [Xi, Xj ] = 0 and [Pi, Xj ] = −i~δij and show that
one has

[Xi, µVj ] = i~δij
Thus the Heisenberg uncertainty relations for position-velocity measure-

ments are intact and are not modified by the presence of magnetic fields and
have the same physical relevance1

Furthermore show that one has

[Vx, Vz] = [Vy, Vz] = 0

but however
[Vx, Vy] = i~qB/µ2 = i~Ω/µ

So one can not measure velocities along the plane perpendicular to ~B with
arbitrary precision, since the above will mean ∆Vx∆Vy ≥ ~Ω/2µ.

Now show that [H⊥, H‖] = 0 and thus one can split the total energy of
the system as E = E⊥ + E‖, and the total wavefunction can be split as |Ψ〉 =
|ψ⊥〉 ⊗ |ψ‖〉. The motion along the parallel direction is that of a free particle
and we did that already. The only thing we need to remember is to include it
in the final form of the energy and the eigenfunction. So we are now focusing
only on H⊥.
Eigenvalues of H⊥.

First let us remember that we have H⊥ = (V 2
x + V 2

y )/2µ and [Vx, Vy] =
i~Ω/µ to cast it in a familiar form. To that end define Π ≡ px + qBy/2 and
Q ≡ (µ/qB)(py − qBx/2) and show that one has the following system

H⊥ =
1

2µ
Π2 +

1

2
µΩ2Q2 with [Q,P ] = i~

thus argue that he eigenvalues are given as

E⊥ = ~Ω(N + 1/2)

with N = 0, 1, 2, · · · since H⊥ being a square is a positive operator. Yet this
approach is not very fruitful in discussing degeneracies and eigenvectors.
Degeneracies and eigenvectors of H⊥

To begin show that one has

1This is true for an arbitrary electro-magnetic field.
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H⊥ =
1

2µ

(
Px

2 + Py
2
)

+
1

2
µΩ̃2

(
x2 + y2

)
+ Ω̃Lz

with Ω̃ = Ω/2. Also show that [H⊥, Lz] = 0.
So we can again split this into two pieces. To that end let us define

Hosc =
1

2µ

(
Px

2 + Py
2
)

+
1

2
µΩ̃2

(
x2 + y2

)
This is simply two commuting copies of 1D harmonic oscillator systems with

the same frequency. Argue that the eigenvalues of this are

Eosc = ~Ω̃(nx + ny + 1) = ~Ω̃(n+ 1)

where both nx and ny are from {0, 1, 2, · · · }. Show that for a given value of n
the energies are n+ 1 fold degenerate.

The eigenstates associated with a given nx and ny are simply products of the
1D oscillator eigenfunctions we have found. That is they are ψnx

(x)ψny
(y). But

since for a given value of n we do not have a single state but many states -surely
because of the degeneracy- we need to find another operator that commutes
with Hosc such that its eigenvalues can also be used to label the states.

Now at this level one might just write down Hosc in plane polar co-ordinates
and attack the differential equation and solve it. However oscillator type poten-
tials are very amenable to algebraic methods. So we shall pursue it here.

We already know that [Lz, H⊥] = 0, this is what we shall exploit.
Now remember all those ladder operators for the harmonic oscillator we have

used. That is let us define

Ax ≡
1√
2

(βX + i
1

β~
Px) and Ay ≡

1√
2

(βY + i
1

β~
Py)

with β ≡
√
µΩ̃/~. Show that the only non-zero commutators of these guys are

[Ax, Ax
†] = [Ax, Ax

†] = 1

Show that one has

Hosc = ~Ω̃(Nx +Ny + 1)

with Nx = Ax
†Ax and Ny = Ay

†Ay the number operators with eigenvalues
0, 1, 2, · · ·.

Show also that one has

Lz = XPy − Y Px = i~(AxAy
† −AyAx

†)

Promising... But it is still a basis where Lz is not diagonal. To that end
define the following operators

AR =
1

2
(Ax − iAy) and AL =

1

2
(Ax + iAy)

which are simply linear combinations. Now show that the only non-zero com-
mutators of these guys are

[AR, AR
†] = [AL, AL

†] = 1
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Finally show that one has

Hosc = ~Ω̃(NR +NL + 1) = ~Ω̃(n+ 1) and Lz = ~(NR −NL) = ~m

where NR = AR
†AR and NL = AL

†AL the number operators with eigenval-
ues 0, 1, 2, · · ·.

Thus we arrive at our final result, for a given value of n and m there is
a unique value for nL and nR and hence a unique value for nx and ny. The
possibilities of m for a given value of n can also be read from our results. What
are they?

Having finished with Hosc we can know remember our main problem: To
find the degeneracies for H⊥. Since we have

H⊥ = Hosc + Ω̃Lz = ~Ω̃(NR +NL + 1) + ~Ω̃(NR −NL)

or simply

H⊥ = ~Ω̃(2NR + 1) = 2~Ω̃(NR + 1/2) = ~Ω(NR + 1/2)

which is what we have found way earlier.
But now we see that since H⊥ does not depend on NL we have infinite

degeneracy for every given energy level, described by the value that NL takes
which are simply integers.
Geometric considerations

Let us consider the following operators

Xc ≡ X +
1

Ω
Vy and Yc ≡ Y −

1

Ω
Vx

which are the quantum counterparts of the location of the center of the classical
circular orbit.
Show that one has

Xc = γ(AL +AL
†)

Yc = γi(−AL +AL
†)

where 2γ =
√
~/µΩ̃. Now show that one has

[Xc, Yc] = i
~
qB

show also that one has

D2 ≡ X2
c + Y 2

c =
~
qB

(2NL + 1)

Digress on these results, remembering that Xc and Yc are the quantum coun-
terparts of the center of the orbit. Note that they turned out to be incompatible
observables and hence can not both be defined with infinite precision.

On the other hand defining

R2 = (X −Xc)
2 + (Y − Yc)2
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show that as in the classical case one has

R2 =
2

µΩ2
H⊥

but this time quantized

R2 =
2~
qB

(2NR + 1)

The study of actual states is left for next semester. Or possible in a homework-
like term break study.

6


