
PHYS 411 Fall 2014 3’rd homework assignment, due Oct 15’th.

1. The commutator of two operators are defined as follows

[A,B] ≡ AB −BA

one obviously has [B,A] = − [A,B]. Show that the following identities
hold with this definition

• [AB,C] = A [B,C] + [A,C]B. Sort of a generalization of Leibniz
rule.

• [A, [B,C]] + [C, [A,B]] + [B, [C,A]] = 0. Jacobi Idendity.

• If [A,B] = 1, then [An, B] = nAn−1. Hint: Define C(n) ≡ [An, B]
and find a recursion relation for the sequence of operators C(n).

• Define P = −i~∂/∂x and H = P 2/2m+V (x). Calculate all commu-
tators relevant to the objects P ,H and x.

2. Assume we have two matrices A and B -having the same dimension- with
the following eigenvectors and eigenvalues

Aαn = anαn

Bβn = bnβn

Show that if [A,B] = 0 one can pick the same set of eigenvectors since αn

must be proportional to βn.

3. Remember we have defined an inner product (, ) taking two elements from
the space of states and giving a complex number as a result, with the
following properties

(Ψ,Φ)
∗

= (Φ,Ψ)

and

0 < (Ψ,Ψ) ∈ R <∞

for normalizable states.

We have defined the adjoint of an operator via the inner product as follows

(
Ψ, A†Φ

)
≡ (Φ, AΨ)

∗

Remember that an operators acts on a state to give another state.

• Show that (AB)† = B†A† will hold as an operator relation since
it is true between any states under the inner product. That is(
Ψ, (AB)†Φ

)
=
(
Ψ, B†A†Φ

)
.
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• An operator is said to be self-adjoint (hermitean) if it satisfies
(
Ψ, A†Φ

)
=

(Ψ, AΦ) and thus A† = A is justified. Show that a hermitean operator
will have real eigenvalues. Hint: Start with Aαn = anαn and show
that an must be real. Show also eigenvectors with different eigenval-
ues are orthogonal under the inner product. That is (αn, αm) = 0 if
m 6= n.

4. Consider two hermitean operators obeying the following commutation re-
lations

[A,B] = i

Show that one can not represent these operators with finite dimensional
matrices.

5. Assume the following Hamiltonian

H =
1

2m
P 2 + V (x)

with the property that V (−x) = V (x). Show that the eigenvectors of the
this hamiltonian can be separated into two non-intersecting categories;
namely even and odd functions of x.

6. Using the Griffiths’ definition of the A and A† operators we have used.
Hit A† on the ground state 5 times to find the first 5 excited states of the
quantum harmonic oscillator. (This might prove to be boring but it will
help you keep in shape).

7. If you know the eigenvalues and eigenvectors of an operator A, what can
you say about the eigenvalues of A†.

8. One can construct the outer product of vectors as follows -for simplicity
we represent it in a 2 dimensional vector space-

out( ~A, ~B) ≡
(
A1

A2

)(
B1 B2

)
=

(
A1B1 A1B2

A2B1 A2B2

)
so it represents a matrix and hence an operator hitting on the vector space.

Now assume you have the standard basis in an n dimensional column
vector space. Label your unit vectors as ~ei, with i = 1, 2, · · · , n.

Show that one has

n∑
i=1

out(~ei, ~ei) = I

where I represents nxn unit matrix.

Show also that

n∑
i=1

n∑
j=1

out(~ei, ~ej) ≡ Eij
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is a matrix such that all of its entries are 1.

Now assume we have a matrix A and we know all the following numbers

(~ei, A~ej) ≡ Aij

called the matrix elements of A under the inner product (, ).

Show that one has

A =

N∑
i=1

N∑
j=1

AijEij
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