
PHYS 411 Fall 2014 5’th homework assignment, due Nov 5’th.

1. We have defined the inner product of states in the space where they live
having the following properties

(ψ, φ) = (φ, ψ)∗

and
(ψ, α1φ1 + α2φ2) = α1(ψ, φ1) + α2(ψ, φ2)

These ψ etc refer generally to the abstract notion of state not to some
function of space necessarily.

Now it is simply a matter of aesthetics to use |ψ〉 to represent the state
ψ we call this the ket. In that case we can write for the inner product
(|ψ〉, |φ〉). This notation has usefulness for the following reason.

Consider the following object

(|ψ〉, )

where in the empty slot one will place an arbitrary state in the Hilbert
space. So in essence this is a linear functional on the Hilbert space: It will
give us a complex number for any state we place in the empty slot thus it
acts on this space. It is now a notational convenience to call this object
the bra associated with the ket |ψ〉 and denote it as

〈ψ| ≡ (|ψ〉, )

One must remember however that for this bra to be defined all of its
actions on all the kets in the Hilbert space to exist. For practical purposes
one can consider this as the row vector as opposed to the column vector
in a finite dimensional vector space. The column vector is the ket in this
case. The row vector consists of the complex conjugates of the elements
of the column vector ordered in a row.

The bracket notation acquires a further visual readability if one represents
the inner product while omitting an extra vertical line. That is

(|ψ〉, |φ〉) = 〈ψ|φ〉

Furthermore the following is immediate in this notation

(|ψ〉, A|φ〉) = 〈ψ|A|φ〉

In the language of column vectors the operators are matrices, so the above
will be a row vector on the left multiplied to a matrix on the middle that
multiplies a column vector. This notation is perfect to deal with linear
operators acting on the Hilbert space. It will require some care when we
shall deal with anti-linear operators such as one that is responsible for
time reversal. But other than that it is by far far the most widely used
notation in quantum mechanics1

1There always is an associated bra for a ket. But one can define a functional acting on
the Hilbert space such that for all states it gives a well defined number but one can not find
an associated ket for that bra. I shall elaborate on this in a future supplemental material. It
does not hinder quantum mechanics
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• Use only the basic definitions of the inner product to show that if

|Ψ〉 = α1|ψ1〉+ α2|ψ2〉

one has
〈Ψ| = α1

∗〈ψ1|+ α2
∗〈ψ2|

• We have defined the hermitean conjugate A†of an operator A using
the old notation before. Show that in the bra-ket=bracket notation
one writes

〈ψ|A†|φ〉 = 〈φ|A|ψ〉∗

• Show that if
|φ〉 = A|ψ〉

one formally has
〈φ| = 〈ψ|A†

• Consider two operators A and B that commute with each other.
Show that these two operators can share the same eigenkets.

• Now consider the following formal expression

|ψ〉〈φ|

argue that it can be interpreted as an operator acting on the Hilbert
space of states.

• Consider an operator A and its eigenkets and keigenvalues

A|an〉 = an|an〉

assume one can also define the eigenbras and breingenvalues of the
operator A as follows

〈ãn|A = ãn〈ãn|

which would imply in view of our previous result that -note the foot-
note where a possible problem is mentioned. Just assume that we
are considering situations where there will be no problem.

A†|ãn〉 = ã∗n|ãn〉

So one can say that the number of ãn’s and an are the same but the
corresponding kets are different. Now show that if the operator is
hermitean, that is A† = A one can show that ãn = an ∈ R and that
the eigenkets of A and A† are the same and that the eigenkets are
orthogonal.

So for a hermitean operator we shall have

A|an〉 = an|an〉

and
〈an|A = an〈an|

with
〈an|am〉 = δmn
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and an ∈ R. Here we have assumed that the eigenvalues are discrete.
So in formal terms one can say that a hermitean operator might be
tought of as acting either to the left or to the right in an expression
like

〈ψ|A|φ〉

• Now let us assume we have a hermitean operator H and we know
its complete list of eigenvalues and eigenkets -we assume discrete
eigenvalues.

H|n〉 = En|n〉

surely obeying 〈n|m〉 = δmn.

Define the operator

I =
∑
n

|n〉〈n|

Show that I|m〉 = |m〉 and consequently it acts as unit operator on
every state living in the space spanned by |n〉.
Now consider another hermitean operator A that does not necessarily
commute with H. Show that

A =
∑
n

∑
m

Amn|m〉〈n|

and find Amn which are called the matrix elements of A in the basis
|n〉.
Now define another operator B with matrix elements Bmn. Show
that the matrix elements of the operator AB are

(AB)mn =
∑
k

AmkBkn

• Consider a system with hamiltonian H with real eigenvalues En
and orthonormal eigenkets |n〉. Show that a general solution to the
Shchroedinger’s equation is

|Ψ(t)〉 =
∑
n

cne
−iEnt/~|n〉

2. In this exercise we shall be dealing with the eigenkets of the position and
momentum operators. These operators are hermitean and hence must
have real eigenvalues and orthogonal eigenkets. However since their spec-
trum is continuous where are some problems. First let us define

X|x〉 = x|x〉

and
〈x|x′〉 = δ(x− x′)

so these states are not normalizable. But they are nevertheless complete
in that one has

I =

∫
dx |x〉〈x|
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where the integral is taken over the entire real line. The projection of an
arbitrary state |Ψ(t)〉 on these states is called the wave function

〈x|Ψ(t)〉 ≡ Ψ(x, t)

One can also envisage a similar structure for the momentum operator P .
That is

P |p〉 = p|p〉
and

〈p|p′〉 = δ(p− p′)
so these states are not normalizable. But they are nevertheless complete
in that one has

I =

∫
dp |p〉〈p|

Now as we know [P,X] = −i~ and thus the eigenvectors are not common.

• Show that
(x′ − x)〈x|P |x′〉 = −i~δ(x− x′)

and thus2

〈x|P |x′〉 = −i~∂δ(x− x
′)

∂x
= −i~δ′(x− x′)

• Show that

〈x|p〉 =
1√
2π~

eipx/~

• Consider the following object

〈Φ|P |Ψ〉

Show that it is

−i~
∫
dx Φ(x)∗

∂Ψ(x)

∂x

• Now assume

H =
1

2m
P 2 + V (X, t)

for the Schroedinger’s equation

i~
∂

∂t
|Ψ(t)〉 = H|Ψ(t)〉

Use the following

〈x|i~ ∂
∂t
|Ψ(t)〉 = 〈x|H|Ψ(t)〉

and appropriate insertions of identity operators in terms of the posi-
tion eigenkets to show that one has

i~
∂Ψ(x, t)

∂t
=

[
− h2

2m

∂2

∂x2
+ V (x, t)

]
Ψ(x, t)

where Ψ(x, t) = 〈x|Ψ(t)〉 as we have said.

2Hunt down a property of the Dirac delta function
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• Consider a normalizable state |Ψ(t)〉, so one has 〈Ψ(t)|Ψ(t)〉 = 1.
Now define the following objects as usual

Ψ(x, t) = 〈x|Ψ(t)〉

and
Ψ̃(p, t) = 〈p|Ψ(t)〉

By using appropriate insertions of identity operator show that one
has ∫

dx|Ψ(x, t)|2 =

∫
dk|Ψ̃(k, t)|2 = 1

Show also that

Ψ̃(k, t) =
1√
2π~

∫
dx e−ipx/~Ψ(x, t)

and that

Ψ(x, t) =
1√
2π~

∫
dp eipx/~Ψ̃(p, t)

Thus they are Fourier transforms of each other.

3. Consider a system where the the Hamiltonian is given as a 2x2 matrix as
follows

H =

(
ε 0
0 0

)
So it has two eigenstates, the ground state |0〉 with energy 0 and an excited
state |ε〉 with energy ε.

Now consider another hermitean operator with matrix elements in the
eigenbasis of H given as follows

A =

(
0 1
1 0

)
Show that A has eigenvalues ±1 with corresponding eigenkets |±〉.
Now at t = 0 a measurement of A yielded the value 1. Find the probability
that after a duration of T one would measure again 1 eigenvalue for A.
Do not use matrix operations use entirely bracket notation. What is the
probability to measure −1 eigenvalue under the same conditions.

4. Imperfect measurement of a continuous variable.

As we have discussed in class an imperfect measurement of say position
measurement is bound to yield a range of values. If an apparatus would
measure the position of a particle with no bias towards particular values
-that is equally likely- in a region x ∈ [xo − ε, xo + ε] the state right after
this measurement will be

|Ψafter〉 = N

∫ xo+ε

xo−ε
dx Ψinitial(x)|x〉
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where of course Ψinitial(x) = 〈x|Ψinitial〉 and N is the constant required to
normalize the state after the measurement. Note that this is equal to the
following

P |Ψinitial〉

where the operator P is the projector and is given as

P =

∫ xo+ε

xo−ε
dx |x〉〈x|

But if the wavefunction Ψinitial(x) does not change appreciably3 in an
interval of length ε one can simply state that

|Ψafter〉 ≈ NΨinitial(xo)

∫ xo+ε

xo−ε
dx |x〉

So under these conditions one can say

|Ψafter〉 =
1√
2ε

∫ xo+ε

xo−ε
dx |x〉

Now assume that we have a particle of mass m in an infinite well of length
L. A measurement as described above is performed and the result is
xo = L/2 with a given ε. Immediately after this a measurement of energy
is performed. What is the probability Pn to measure the n’th energy
eigenvalue?

5. Now consider a generic system with a given hamiltonian. Assume that
initially -at t = 0 one has made a position measurement as described in
the previous example with xo = xi and with a given ε. After some time
t = T has elapsed the same apparatus -same ε- is to perform a second
position measurement. Show that the probability to obtain xo = xf this
time is

|A|2

where

A =
1

2ε

∫ xf+ε

xf−ε
dx′

∫ xi+ε

xi−ε
dx 〈x′| exp

(
− iT

~
H

)
|x〉

The object 〈x′|e−iHT/~|x〉 is called the propagator.

6. Find the propagator for a free particle,H = P 2/2m. That is calculate

〈x′| exp

(
− iT

2m~
P 2

)
|x〉

Hint: Insert identity operator using the eigenkets of P . To evaluate the
integral assume T has a small negative imaginary part that is to be sent
to zero after the integral.

3Discuss the physical conditions for this
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