
PHYS 411 Fall 2014 6’th homework assignment, due Nov 12’th.

We have so far studied one-dimensional examples and we have recently
started the study of three-dimensional ones. Somewhere in between lies quan-
tum mechanics on graphs. In this set we shall study the 3 edge star graph with
4 nodes. It is represented as follows
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The graph is oriented because we are putting a co-ordinate on each edge
and we have chosen the convention that the orientation is away from the center
node. That is the distance from the node o along oa is measured by xa such
that at the edge we have xa = La and at o we have xa = 0. Similarly for the
other branches we have co-ordinates xb and xc and lengths of the branches are
defined as Lb and Lc. Such a system can be constructed by conducting wires for
instance, the rational for using a co-ordinate system as described above is that
outside the region defined by conductors the wave-function will vanish. If the
wires have zero thickness the angle between the edges should be irrelevant since
there will be no overlap of wave-functions. If however the central connection is
extended in space the problem is surely more difficult. We shall assume that
there is no potential on the graphs, that is the particle is confined to move on
the graph but it is otherwise free.

Since the end points restrict the particle we must have

ψa(xa = La, t) = ψb(xb = Lb, t) = ψc(xc = Lc, t) = 0 (1)

Now the wave-function must be continuous at the vertex o since the proba-
bility to be there must be unique. We thus have

ψa(xa = 0, t) = ψb(xb = 0, t) = ψc(xc = 0, t) (2)

Now consider a small region in say the region oa that does not contain the
origin or the end points for instance the region xa ∈ [z − ε, z + ε]. Integrate the
Schroedinger’s equation
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equation on this region and send ε → 0 to show that the derivative of the
wave-function is continuous along the edges.

Now consider a small region that contains the origin. This is defined as
xa ∈ [0, ε], xb ∈ [0, ε] and xc ∈ [0, ε]. Now consider the Shroedinger’s equation
again -with general co-ordinate for position
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Integrate it in the region defined above to show that

ψ′a(0, t) + ψ′b(0, t) + ψ′c(0, t) = 0 (3)

where the primes means derivative with respect to the corresponding vari-
ables. For instance ψ′a means ∂ψa(xa)/∂xa.

Show that with these we get

Joa + Job + Joc = 0

Hint: Use the conservation equation ∂|ψ|2/∂t+ ~∇· ~J = 0 and integrate it about
the origin.
Energy Eigenvalues

We consider the stationary state solutions, ψ(x, t) = e−iEt/~ϕE(x). Since
the wave function is to vanish at the boundaries we can take

ψa(xa) = A sin(k(xa − La)

ψb(xb) = B sin(k(xb − Lb)

ψc(xc) = C sin(k(xc − Lc)

where k =
√

2mE/~.
Now take La = Lb = Lc = L and show that the boundary conditions

culminate in the followings

A sin(kL) = B sin(kL) = C sin(kL)

and
k(A+B + C) cos(kL) = 0

as well as [
2kL− sin(2kL)

4k

] (
A2 +B2 + C2

)
= 1

from normalization.
Find the energy eigenvalues and the associated eigenfunctions. Pay par-

ticular attention to degeneracies that is the possibility to have two different
eigenfunctions for the same energy.

Three legged infinite wiring
In this situation we shall have the three legs of the previous diagram to be

unbounded, that is they all go to infinity.
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Assume the following situation1

ϕa(xa) = e−ikxa + reikxa

ϕb(xb) = tbe
ikxb

ϕc(xc) = tce
ikxc

So there is an incident current to o from far infinity on the edge oa and also
a reflected current on this edge. On the other edges there is only an outgoing
current.

Show that one gets

ta = tb = 2/3 and r = −1/3

Show that the current conservation will yield

−1 + |r|2 + 2|t|2 = 0

and it is automatically satisfied as it should. Thus the net current approaching
the point o from the line oa is 8/9 and is split equally as 4/9 and 4/9 into the
two branches equally.

1Pay attention to the orientation of the co-ordinate unit vectors
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