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Supplemental materials are not homework assignments. You do not have to
turn in a solution to suggested problems here. But you are responsible for the
content. In general consider these as reading assignments with some fill in the
blank calculations.

General Properties of the Energy Eigenvalue equation in one dimensions

We have discussed many of these properties in class. This supplemental is
to collect them together. It is not intended to replace your own notes. So do
not count on such supplemental materials and omit taking notes.

We have seen that if the potential in Schroedinger’s equation is time inde-
pendent
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One can contemplate the so called stationary solutions Ψ = φE(x) exp(−iEt/~).
Which will give us the energy eigenvalue equation[
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φE(x) = EφE(x)

Or in a simplified form
φ′′(x) = α(x)φ

with α(x) = 2m(V (x)− E)/~2.
Let us take the integral of this equation above (one can also do this from

the Schroedinger’s eqn) from x = xo − ε to x = xo + ε. If V (x) -and of course
φ- does not have singularities this will imply that

φ′(xo − ε) = φ′(xo + ε)

so we demand that φ′ is continuous.

The current conservation equation
We have already showed that the solutions of the Schroedinger’s equation

obey the following
∂ρ
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with ρ = |Ψ|2 and j = −i~(Ψ∗Ψ′ − ΨΨ∗′)/2m. So for a stationary state one
must have

j = const

That the current is a continuous function require Ψ to be continuous. Which in
term will mean that φ is continuous.

Bound energy eigenstates
A bound state is a state where the probability to escape to infinity vanishes.

Thus we must require -for all such energy eigenstates that

lim
x→∞

φE(x) = 0
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which in turn means that j = 0 everywhere for a bound state. Note that j = 0
does not necessarily require that φE(x) to vanish at infinity.

However since for a bound state in one dimensions j = 0 everywhere we see
that

φ∗Eφ
′
E = φEφ

′
E
∗

One can show that this means φE can be taken to be a real function. Note
on the other hand that a real function will have j = 0 everywhere even if it does
not vanish at infinity.

Now consider the following object

W = φ′1φ2 − φ1φ′2

where φ1 and φ2 are two solutions of the eigenvalue equation with eigenvalues
E1 and E2 respectively. Show that

W ′ = −(E1 − E2)φ1φ2

Let us consider what will happen if we take E2 = E1. In this case W ′ = 0 and
thus W = const everywhere.

For bound states φ1 and φ2 go to zero at infinity and so does W since
φ′1,2 should not blow up from our physical expectations1 But the fact that the
wronskian vanishes means that

φ′1φ2 = φ′2φ1

which can be used to state that φ2 is proportional to φ1 and so is not linearly
independent.

Thus bound state energy eigenvalues are not degenerate: There is one and
only one -modulo an overall constant- eigenstate for a given eigenvalue and it
can be taken to be a real function.

Unbound energy eigenstates
In this case we do not require that φE vanish at infinity. Since the particle

is allowed to escape from the potential. Note that if the potential goes to a
constant at infinity there is a value of energy after which the particle can escape
even in classical mechanics. If however the potential goes to infinity at infinity
it will be a binding potential for all energies.

We still have W = const if we take E2 = E1. But this time W 6= 0.
Surely since the eigenvalue equation is linear and second order, on general

grounds two linearly independent solutions for a given energy is a possibility
and in the case of unbound states one can not say that energy eigenvalues are
non-degenerate. There are generically two linearly independent solutions for a
given energy. These two solutions may or may not be complex. However if the
net current is zero -without the wavefunction vanishing at infinity- one can still
say that the eigenfunctions are real. On the other hand from the eigenvalue

1One can show that if a function and its first derivative are continuous and that the function
vanishes at infinity so must its derivative. The argument involves a smart use of the l’Hopital’s
rule. One of you asked this in the relativity course and this seems to be the answer. If the
continuity requirement is lifted there ”may be” some counter examples. The space of functions
is a vast ugly place and physics use only a very tiny portion of it.
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equation one easily sees that φ and φ∗ -without φ vanishing at infinity- are
linearly inependent solutions and jφ∗ = −jφ. So if the current does not vanish
one can take the two solutions to be complex conjugates of each other if the
boundary conditions demand it.

As an example consider the free particle with a given momentum k =√
2mE/~. The functions eikx and e−ikx are solutions with current j = ±~k/m.

One also have the solutions cos(kx) and sin(kx) both of which have vanishing
current.

The solution set to be used will in this case be determined by the boundary
conditions at infinity on the current, not the wavefunction since the latter is
undetermined.

So unbound energy eigenstates are in general non-square normalizable. But
as we shall see shortly one can construct normalizable wave packets using these
solutions -for instance plane waves. This in turn means that the state will
not have definite energy but will have a distribution function for the energies
that do not depend on time as we have discussed. Such a state will also be
non-stationary and will have a ρ and a j that will depend in time.

Even potentials
Let us consider a potential function which obeys V (−x) = V (x). This in

turn will mean that φ(x) and φ(−x) will solve the equation with the same
eigenvalue E. If this state is bound we can invoke the fact that there are no
bound state degeneracies and say that φ(x) must be proportional to φ(−x), that
is φ(x) = aφ(−x) which also means φ(−x) = aφ(x) and thus φ(x) = a2φ(x)
meaning that a = ±1.

The argument for unbound states is the following: since φ(x) and φ(−x)
both solve the equation and we expect two linearly independent solutions with
the same energy in this case one ”might” construct φ(x) ± φ(−x) as the two
linearly independent solutions. Note that in this case we say we ”might” much
unlike the bound case where we ”must”.

However looking at things from a symmetry principle is much better. Let
us consider a linear operator P which does

Pφ(x) = φ(−x)

one can immediately show that this linear operator commutes with the hamil-
tonian -show this-

[H,P ] = 0

and thus H and P may share common eigenstates. The eigenstates of the P
operator are even or odd functions since P 2φ(x) = 1 φ(x).

However the contrast between bound and unbound states persist.
Let us recapitulate: In the bound case each energy eigenvalue has a corre-

sponding ”unique” eigenvector which is either even or odd. In this unbound
case there are two solutions for a given energy and we can pick them to be even
and odd solutions if the boundary conditions allow it.
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