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Supplemental materials are not homework assignments. You do not have to
turn in a solution to suggested problems here. But you are responsible for the
content. In general consider these as reading assignments with some fill in the
blank calculations.

Angular Momentum

We know that position operators Xi and momentum operators Pj obey the
following commutation relations

[Pi, Xj ] = −i~δij

where δij = 1 whenever i = j and it vanishes otherwise. We also have

[Pi, Pj ] = [Xi, Xj ] = 0

so performing position measurements simultaneously in orthogonal directions is
uncorrelated, similarly one can determine momentum simultaneously in orthog-
onal and homogeneous directions1

Using the definition of the angular momentum as

Li = εijkXjPk

-where summation over j and k from 1 to 3 is intended- we have found that

[Li, Lj ] = i~εijkLk

It is easy to show that L2 commutes with all the operators. So in this
case the maximal set of commuting operators can be taken to be L2 and by
convention Lz. Since these are commuting we expect they share the same set
of eigenstates. So we demand

L2|l,m〉 =~2l(l + 1)|l,m〉
Lz|l,m〉 =~m|l,m〉

〈l′,m′|l,m〉 =δll′δmm′

We are after the eigenvalue parameters l and m. Note that at this point
there are no conditions on l other than the obvious one from the positivity of
L2. Since all angular momentum operators are hermitean their eigenvalues are
real. This we must have l(l + 1) ≥ 0 which only demands l ≥ 0 or l ≤ −1.
Picking l ≥ 0 is a convention and it does not reduce the generality.

Now let us define two new operators

L+ ≡Lx + iLy

L− ≡Lx − iLy

Note that they are hermitean conjugates of each other, that is L− is not
hermitean but one has L†− = L+.

1This is peculiar. Note that defining these quantization conditions on say spherical co-
ordinates is somewhat difficult.
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Immediately from these definitions we have

[Lz, L±] =± ~L±
[L+, L−] =2~Lz

and

L+L− =L2 − Lz
2 + ~Lz

L−L+ =L2 − Lz
2 − ~Lz

(1)

(2)

Using the commutators of L± with Lz acting the the states on can show
that

Lz (L±|l,m〉) = ~(m± 1) (L±|l,m〉)

Thus L±|l,m〉 is an eigenvector of Lz with eigenvalue m ± 1. Thus we can
state

L+|l,m〉 =~α+|l,m+ 1〉
L−|l,m〉 =~α−|l,m− 1〉

and consequently for the bra relations

〈l,m|L− =~α+
∗〈l,m+ 1|

〈l,m|L+ =~α−∗〈l,m− 1|

So using equations 1 and 2 we can arrive at

|α+|2 = [l(l + 1)−m(m+ 1)] = (l −m)(l +m+ 1)

|α−|2 = [l(l + 1)−m(m− 1)] = (l +m)(l −m+ 1)

We pick these quantities to be real and finally arrive at the result

L+|l,m〉 =~
√

(l −m)(l +m+ 1) |l,m+ 1〉

L−|l,m〉 =~
√

(l +m)(l −m+ 1) |l,m− 1〉

Now we obviously have

L2 ≥ Lz
2

So the eigenvalues of the operator Lz must be bounded from below and
above. Thus we must have a TOP value mT and a BOTTOM value mB defined
by the equations

L+|l,mT 〉 =0

L−|l,mB〉 =0

with the obvious requirement that mT ≥ mB . This unambiguously give from
the form of α±,

−mB = mT = l
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Since there is a finite number of states we must reach l starting from −l in
N steps. That is

−l +N = l

This therefore gives

2l ∈ N

or better

l ∈ {0, 1/2, 1, 3/2, 2, · · · }

There are 2l + 1 states for a given l.
For integer values of l, m = 0 is within the list of allowed eigenvalues of Lz.

That is what we expect from classical mechanics: It is perfectly plausible that
an object has angular momentum in general but not angular momentum along
a particular direction. BUT for half-integer values of l, m = 0 is not in the list.
Such things seem to rotate always and they are called spinors.
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