
411 Fall 2014 Supplemental Material 4

Supplemental materials are not homework assignments. You do not have to
turn in a solution to suggested problems here. But you are responsible for the
content. In general consider these as reading assignments with some fill in the
blank calculations.

In this supplemental we are going to use a color code to describe all the
states and variables associated with a given particle. This will help us get rid
of annoying particle number subscripts in the formulas. Let me know if this is
more easy to read it. I bet however it is impossible to use for a calculation on
paper. Once you get used to what is going on, it will I hope be simpler to use
particle labels for an actual calculation.

Addition of Orbital Angular Momentum

Consider two particles of given masses. We know that their canonical mo-
mentum and position operators obey the following commutation relations,

[Pi, Xj ] = −i~δij
[Pi, Xj ] = −i~δij

where all the other relevant commutators are zero.
We can surely define the angular momentum operators of these particles in

the usual way. That is

~L ≡ ~r × ~p
~L ≡ ~r × ~p

From this it is rather easy to see that one has the following commutation
relations

[Li, Lj ] = i~εijkLk
[Li, Lj ] = i~εijkLk
[Li, Lj ] = 0 (1)

And thus if one considers angular momentum only we see that there is a
complete set of commuting operators L2, Lz, L

2 and Lz. Which will have
eigenvectors in the following form

|l,m〉 ⊗ |l,m〉

Which span a (2l + 1)(2l + 1) dimensional Hilbert space of states. In this
notation we surely mean that l and l have different numerical values. Since
these both refer to orbital1 angular momentum they both take values from the
list {0, 1, 2, · · · } as we have discussed. Also, we have

1That is related to the motion in space.
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m ∈ {−l,−l + 1, · · · , l − 1, l}
m ∈ {−l,−l + 1, · · · , l − 1, l}

The full relations are therefore -as boringly redundant as they are-

Lz|l,m〉 = ~m|l,m〉
L2|l,m〉 = ~2l(l + 1)|l,m〉
L+|l,m〉 = ~

√
(l −m)(l +m+ 1) |l,m+ 1〉

L−|l,m〉 = ~
√

(l +m)(l −m+ 1) |l,m− 1〉
Lz|l,m〉 = ~m|l,m〉
L2|l,m〉 = ~2l(l + 1)|l,m〉
L+|l,m〉 = ~

√
(l −m)(l +m+ 1) |l,m+ 1〉

L−|l,m〉 = ~
√

(l +m)(l −m+ 1) |l,m− 1〉

However when we are dealing with two interacting particles via central forces,
that is when the interaction potential has the form V (~r − ~r), it is easy to see
that individual angular momenta will NOT commute with the hamiltonian and
thus can not take place in the full-list of commuting observables.

Yet one can find a quantity that commutes with central potentials, it is
called the total angular momentum

~L ≡ ~L+ ~L

Show that one has [
~L, V (~r − ~r)

]
= 0

but [
~L, V (~r − ~r)

]
6= 0[

~L, V (~r − ~r)
]
6= 0

and that one also has

[Li, Lj ] = i~εijkLk

Since ~L obeys the commutation relations of angular momentum its eigan-
values and eigenstates are also constructed in the way we now. That is one
has

Lz|l,m〉 = ~m|l,m〉
L2|l,m〉 = ~2l(l + 1)|l,m〉
L+|l,m〉 = ~

√
(l −m)(l +m+ 1) |l,m+ 1〉

L−|l,m〉 = ~
√

(l +m)(l −m+ 1) |l,m− 1〉
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which of course means again that m ∈ {−l,−l + 1, · · · , l − 1, l} and since this
is also to be an orbital angular momentum we have l ∈ {0, 1, 2, · · · }.

Now we have shown that as far as just the angular momentum is conserved
we have TWO different complete sets of commuting operators. These are

O1 ≡
{
L2, Lz, L

2, Lz
}

acting on |l,m〉 ⊗ |l,m〉

and

O2 ≡
{
L2, Lz, L

2, L2
}

acting on |l,m; l, l〉 with l ∈ {a set to be found ≡ Σ}

As a notational simplification we can use -since l and l are kept fixed-

|l,m; l, l〉 −→ |l,m〉

Now these two sets are not compatible in the sense that [O1, O2] 6= 0; find
the operators that do not commute. Thus they will not share the same set of
eigenstates. However the dimensionalities surely must match and we must have

(2l + 1)(2l + 1) =
∑
l∈Σ

(2l + 1)

The first question to ask is whether one can have a single value of l to satisfy
this. If there is a single possible value of l one must have the maximal value of
m to be given as l+ l which must be equal to l by the generic results of angular
momentum algebra. But if there is to be a single value of l we must also have
(2l + 1)(2l + 1) = 2l + 1. So the possibility for a single value of l requires

l = (2l + 1)(2l + 1)

l = l + l

One can show that this is only possible for the case of l = l = l = 0.
So in general Σ is larger than just {0} and thus constitutes the only unknown

in the problem. We can already have a glimpse of the possibilities. Since l
is itself an orbital angular quantum number it can only take integer values.
Already from classical mechanical intuition we see that the maximal possible
value (if it happens) can be l+ l and the minimal possible value (if it happens)
is |l − l|.

Now let us start the procedure. First of all let us notice that Lz which is in
O2 has a simple action on the eigenstates of O1. That is

Lz|l,m〉 ⊗ |l,m〉 = (m+m)|l,m〉 ⊗ |l,m〉

what complicates matters is that L2 does not have such a simple action. We
only know

L2|l,m〉 = ~2l(l + 1)|l,m〉
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However there exists a unique state that has maximal possible quantum
number for Lz. It is given in the O1 eigenspace as

|l, l〉 ⊗ |l, l〉

Since this state is unique it must represent a unique state in the O2 eigen-
basis. We there for define

l̄ = l + l

as the maximal possible value of l. This state with maximal possible value for
Lz must therefore be the maximal possible value of m for this given l̄, which is
itself l̄. We thus have

|l̄, l̄〉 = |l, l〉 ⊗ |l, l〉

Now let us hit this state by L− by using

L−|l,m〉 = ~
√

(l +m)(l −m+ 1) |l,m− 1〉

on the left hand side and by using

L− = L− + L−

on the right hand side.
This will give the following relation immediately√

2l̄ |l̄, l̄ − 1〉 =
√

2l |l, l − 1〉 ⊗ |l, l〉+
√

2l |l, l〉 ⊗ |l, l − 1〉 (2)

Now we know that the application of L− will not go indefinitely and its
action will vanish on the state |l̄,−l̄〉.

Now we have generated 2l̄ + 1 unique states for the value l = l̄ in the
eigenspace of O2. Let us call this the l = l̄ CHAIN. Surely this is not enough
since it did not generate (2l + 1)(2l + 1) states.

How to proceed? Well now let us ask the following questions:
How many states are there in O1 that has eigenvalue for Lz given as l + l?

We showed that there is a unique such state given as

|l, l〉 ⊗ |l, l〉

How many states are there in O1 that has eigenvalue for Lz given as l + l − 1?
Well if allowed there must be two such states and they are given as

|l, l − 1〉 ⊗ |l, l〉 and |l, l〉 ⊗ |l, l − 1〉

But the procedure we have used created only ”one” linear combinations of these
in Eq.2. Since there are two one can find a unique state that is orthogonal to
the one in Eq.2 via the Gram-Schmidt orthogonalization procedure. This will
give the following normalized state
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√
l

l + l
|l, l − 1〉 ⊗ |l, l〉 −

√
l

l + l
|l, l〉 ⊗ |l, l − 1〉

Now, this is surely orthogonal to all the states in the l = l̄ CHAIN. But it
still represents a state that has eigenvalue l+ l− 1 for Lz. This must therefore
be the top state in a different chain, since the top state in this chain has m
value l+ l−1 we say that this must be the l = l̄−1 CHAIN and the state above
must be

|l = l̄ − 1,m = l̄ − 1〉 =

√
l

l + l
|l, l − 1〉 ⊗ |l, l〉 −

√
l

l + l
|l, l〉 ⊗ |l, l − 1〉

Now we can hit this with L− on both sides, repeating the procedure exactly
as we did for the first chain we shall generate 2(l̄ − 1) + 1 states.

This second chain may or may not be the end of the story. If by now we
have covered the same number of states as there are in O1 we are finished. If
not we must go on. How do we go on? Well we ask the following question:

How many states are there in O1 that has eigenvalue for Lz given as l+ l−2?
Well if allowed there must be three such states and they are given as

|l, l − 2〉 ⊗ |l, l〉 and |l, l − 1〉 ⊗ |l, l − 1〉 and |l, l〉 ⊗ |l, l − 2〉

In the first and second chains we have created two such states and thus there
is a unique third state which is orthogonal to the first two. This will, as you
already surely guess, constitute the top state in a different chain with l = l̄− 2.

It is clear that this procedure of creating new chains will not go for ever.
How many times it will go will be fixed by the dimensionality constraint

n=κ∑
n=0

(2(l̄ − n) + 1) = (2l + 1)(2l + 1)

where κ is surely an integer. Assuming without loss of generality that l ≥ l. It
is easy to show that κ = 2l.

We have finally arrived at our result. Given the separate orbital angular
quantum numbers l and l respectively the l values for the total angular momen-
tum operators are in

l ∈ {l + l, l + l − 1, · · · , l − l}

We have confined the study to orbital angular momentum where l and l are
integers. But since the total number of chains in the addition process turns out
to be 2l which is an integer even if l took a half integer value for the represen-
tation. The procedure we have found will be applicable for all representations.

That is if there are two angular momenta that is to be added with principle
quantum numbers j and j. The total angular momentum will have principle
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quantum numbers given as j ∈ {j + j, j + j − 1, · · · , |j − j|}.

A special case: j and j numerically equal: In this case we see that the
total angular momentum operator is symmetric under the interchange of the
particle labels. So the eigenstates of it will as a result of this fall into two
categories: Ones that are symmetric and ones that are anti-symmetric states.
It is immediate that the first state in the first chain is symmetric and since the
action of L− is symmetric all the states in this chain will be symmetric. When
passing to the second chain, the Gram-Schmidt process will surely force the
top-most state to be anti-symmetric -why? convince yourselves about this- and
thus this whole chain will be anti-symmetric. And it will go on like this.

Applications

j = 1/2 and j = 1/2 (relevant for the total spin of two electrons)
The states in O1 are as follows -with a shorthand notation peculiar to 1/2-

|+〉 ⊗ |+〉 |+〉 ⊗ |−〉 |−〉 ⊗ |+〉 |−〉 ⊗ |−〉

The state with maximal value of Jz is one that has m = 1/2 + 1/2 = 1 and
it is unique and thus it corresponds to the chain j = j̄ = 1,

|1, 1〉 = |+〉 ⊗ |+〉

Hitting this with L− on both sides we shall get

√
2|1, 0〉 = |+〉 ⊗ |−〉+ |−〉 ⊗ |+〉

Repeating the procedure one shall get

|1,−1〉 = |−〉 ⊗ |−〉

This is the end of the first chain. There remains the other state with Jz
eigenvalue given as m = 0. Using Gram-Schmidt we thus find

√
2|0, 0〉 = |+〉 ⊗ |−〉 − |−〉 ⊗ |+〉

Which covers all the states for j = 1 and for j = 0.

j = l and j = 1/2. With l an integer. (relevant for the Hydrogen atom)
There are two chains in this case. One is j = l + 1/2 of dimensionality

2j + 1 = 2l + 2, an even number. The other is j = l − 1/2 (if allowed) of
dimensionality 2j + 1 = 2l, again an even number. Especially for l = 0 there is
a single chain with j = 1/2.
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