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Supplemental materials are not homework assignments. You do not have to
turn in a solution to suggested problems here. But you are responsible for the
content. In general consider these as reading assignments with some fill in the
blank calculations.

First order perturbation theory of non-degenerate spectra

Consider a system with a time-independent hamiltonian H, so that it makes
sense to look for the energy eigenvalues and eigenstates. However apart some
lucky situations an exact treatment is not available. So we resort to approxi-
mation techniques. Most of the time one has the following situation

H = Ho + λH ′

Where the problem is exactly solvable for Ho and one has the knowledge that
λ << 1. That is one has exact knowledge of energy eigenvalues and eigenstates
of the following equation

Ho|n〉(0) = E(0)
n |n〉(0)

with of course
(0)〈n|m〉(0) = δnm

providing us with a complete set.
We are after solving the following equation

H|n〉 = En|n〉 (1)

using a power series expansion in λ

En = E(0)
n + λE(1)

n + λ2E(2)
n + · · ·

and
|n〉 = |n〉(0) + λ|n〉(1) + λ2|n〉(2) + · · ·

With the condition that

lim
λ→0

En = E0
n and lim

λ→0
|n〉 = |n〉0

since we assumed non-degeneracy the state |n〉0 is unique for a given E0
n.

Various comments are in order and we shall discover them as we go along.
Now placing these expansions in Eq.1 and assuming that the equation bal-

ances at each order separately we get the following list of equations

Ho|n〉(0) = E(0)
n |n〉(0)

Ho|n〉(1) +H ′|n〉(0) = E(0)
n |n〉(1) + E(1)

n |n〉(0)

H0|n〉(2) +H ′|n〉(1) = E(0)
n |n〉(2) + E(1)

n |n〉(1) + E(2)
n |n〉(0)

... =
...
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We shall now focus on the first order equation

Ho|n〉(1) +H ′|n〉(0) = E(0)
n |n〉(1) + E(1)

n |n〉(0)

Multiplying with (0)〈m| we shall get the following

(0)〈m|
(
Ho − E(0)

n

)
|n〉(1) = (0)〈m|

(
E(1)
n −H ′

)
|n〉(0)

Setting m = n, that is focusing on the same quantum number we shall get the
following result

E(1)
n = (0)〈n|H ′|n〉(0)

This is a result which is very important for our purposes. It reads: The
shifts in the energy eigenvalues due to the perturbation is the matrix element
value of the perturbing hamiltonian between the states of the original unper-
turbed problem. Thus the energy levels can now be calculated using the usual
techniques of taking expectation values of operators.

Now let us focus on the first order correction to the eigenstates. Since |n〉(0)
forms a complete set of functions we can expand |n〉(1) in terms of them as
follows

|n〉(1) =
∑
k

C
(1)
nk |k〉

(0)

This will give us

(Em
(0) − En(0))C(1)

mn = δmnE
(1)
n − (0)〈m|H ′|n〉(0)

Note that the equation can not determine C
(1)
mn when m = n. But this is just

a single number in an expansion and it therefore can be arbitrary remembering

the normalization condition. The convention is to pick C
(1)
mm = 01.

So when m 6= n we can solve for C
(1)
mn and thus represent the state as follows

|n〉 = |n〉(0) + λ
∑
k 6=n

H ′
kn

E
(0)
n − E(0)

k

|k〉(0)

These results will be sufficient for almost everything we shall cover in 411-
412.

1The same thing happens in all orders and in the j’th order expansion one can pick C
(j)
mm =

0 for j ≥ 1 -Note that j = 0 refers to unperturbed quantities. Thus the perturbed eigenstate
has the unperturbed eigenstate to the full
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