
PHYS 411 Fall 2014 Midterm 1. Wed Oct 12’th 17:00-18:30
Absolutely no notes, no electronic gadgets of any form and no questions are
allowed. You may find some helpful formulas at the end of the question sheet.
All questions have equal value points.

1. Consider a particle of mass m under the influence of a potential step given
as

V (x) =

{
0 for x < 0
V for x ≥ 0

where V is a positive constant.

• E > V stationary states: We are given that the incident (towards
the origin) piece of the wave-function for x < 0 has coefficient 1 and
there are no parts of the wave-function incident (towards the origin)
for x ≥ 0.

A: Find the wave-function ψ(x) for all x.

B: In terms of this wave-function find the current for all x.

C: Show explicitly that the current is conserved.

• 0 < E < V stationary states: Using the same boundary condition as
above1

A: Find the wave-function ψ(x) for all x.

B: In terms of this wave-function find the current for all x.

C: Show explicitly that the current is conserved.

D: Integrate |ψ(x)|2 from x = 0 to x =∞. Interpret the result from
physical considerations.

2. Consider a particle of mass m under the influence of a potential V (x) =
mω2x2/2.

• The ground state eigenfunction is given as

ψ(x) = N e−x
2/L2

where L is a length scale. Using the eigenvalue equation find L
and the energy eigenvalue Eψ associated with this function. Also by
normalization find N .

• Using the above wave-function calculate 〈X〉, 〈X2〉, 〈P 〉 and 〈P 2〉.
Also calculate 〈∆P 〉 and 〈∆X〉 and show that Heisenberg’s uncer-
tainty relation is satisfied at the lowest possible value.

3. Consider a particle of mass m inside a 1D box of length L. An energy
measurement is made and the observed value is the ground state energy.
Now by some external agent the length of the box is doubled in such
a rapid way that the wave-function could not have time to adapt. Some
time after this event another energy measurement is performed. What is
the probability to obtain the value found in the first energy measurement?

Answer the same question for the case where the new length of the box is
L
√

2.

1Which, of course, means that particles are injected from the left infinity
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4. A particle of mass m is under the influence of a potential V (x) = mω2x2/2.
The energy eigenvalues are En = ~ω(n+ 1/2) and the abstract states are
represented by the kets |n〉. At time t = 0 the state of the system is given
to be

|ψ(t = 0)〉 =

∞∑
n=0

Cn|n〉

with
∑
n |Cn|2 = 1.

• Calculate Ē = 〈H〉ψ.

• Now assume that via an external agent, the parameter ω is increased
so slowly that Cn remain constant. Show that

dĒ = Ē
dω

ω

Now define L =
√
~/(mω) and express this result in terms of L

and dL. Using the 1D counterpart of the thermo-dynamical relation
dE = −PdV find the force felt by the external agent while performing
this change. Why increasing ω can result to such a force? Explain
using the form of the energy eigenfunctions.

Simple formulas
Schroedinger’s equation: i~∂|ψ(t)〉/∂t = H|ψ(t)〉.
Energy eigenvalue equation in differential form: ~2ψ(x)′′ = 2m(V (x)−E)ψ(x).

Gaussian integral:
∫∞
−∞ dxe−ax

2

=
√
π/a

Particle In a box: Eigenvalues En = ~2π2n2/(2mL2). Ortho-normal eigenvec-
tors ψn(x) =

√
2/L sin(nπx/L). Outside the box the wave-function is zero

everywhere.
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