
PHYS 412 Spring 2015 Homework Assingment No:6, due Mar 30’th.

We have seen that if there is a time dependent perturbation to an otherwise time independent hamiltonian Ho, one can
in rater general circumstances use th eigenstates of Ho to expand the wave function. So that an ansatz for the solution is

|Ψ(t)〉 =
∑
n

Cn(t)e−iEnt/~|n〉

These coefficients therefor obey the following coupled set of differential equations via the Shcroedinger’s equation
i~∂|Ψ(t)〉/∂t = (Ho +H ′(t))|Ψ(t)〉

Ċn(t) =
∑
k

e−i(Ek−En)t/~〈n|H ′(t)|k〉Ck(t)

In this homework assignment we shall assume the following

H ′(t) =

 0 t < 0
h 0 ≤ t ≤ T
0 t > T

with h a hermitean time independent operator.
Find Cn(t) to first order in h assuming that Cn(t = 0) = δni

1. Consider a particle of mass m under a 1D potential. Given as below

V (x, t) =


1
2mω

2x2 t < 0
1
2mω̃

2x2 0 ≤ t ≤ T
1
2mω

2x2 t > T

with ω̃2 = (1 + ε)ω2.

Note that for all times this system is exactly solvable since at different times we have different flavors of the 1D harmonic
oscillator potential for which we know exact solutions.

Now assume that for t < 0 the system is in the ground state (with potential having parameter ω). Since this is a
sudden change this state is to be fed as an initial condition to the Schroedinger’s equation and it can be expanded with
the eigenstates of the hamiltonian with potential having parameter ω̃ with exact eigenstates say |ψ̃n〉. This expansion
is given as

|Ψ(0)〉 = |ψg〉 =
∑
n

Cn|ψ̃n〉

with as you know Cn = 〈ψ̃n|g〉.
After a while (a duration of T ) this state evolves according the usual rules of a time independent hamiltonian and thus
becomes

|Ψ(T )〉 =
∑
n

Cne
−iẼnT/~|ψ̃n〉

But this state now can be expanded in term of the present hamiltonian which is the oscillator with parameter ω. We
thus have the final state expansion parameters given as follows

|Ψ(T )〉 =
∑
n

Dn|ψn〉 =
∑
n

Cne
−iẼnT/~|ψ̃n〉

Since after this time the hamiltonian is time indepedent so will be the Dn which are given as

Df =
∑
n

Cne
−iẼnT/~〈ψf |ψ̃n〉

recalling that we had Cn = 〈ψ̃n|ψg〉, show that one has

Df =
∑
ñ

e−iEñT/~〈ψf |ψ̃n〉〈ψ̃n|ψg〉 (1)

and as expected show that this expression is equivalent to

Df = 〈ψf |e−iH̃T/~|ψg〉

with H̃ = P 2/2m+mω̃2x2/; the hamiltonian that is operative between 0 and T .
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Argue unambiguously that |ψf 〉 can not be an odd parity state.

Now even though this expression is exact it would be a pain to evaluate all those quantum number dependent integrals.
So expand Eq.1 to first order in ε and compare with the result you would have found in first order time dependent
perturbation theory.

2. Consider a particle of mass m under the influence of a harmonic oscillator potential with parameter ω. Assume as in
the prescript an otherwise time independent perturbation h is operative between t = 0 and t = T which is given by

h =
Vo
L
x

We have seen that such additions to the hamiltonian can be dealt with by completing the square in the potential. In
view of this repeat step by step the whole procedure of the previous problem. That is first find an exact expression
and then expand to first order in Vo.

3. Consider a particle of mass m in a 1D box of length L with the perturbing hamiltonian given as h = VoLδ(x). Assume
that the particle is in the ground state for t < 0. Using first order time dependent perturbation theory find the
probability that after t = T one will find the system in the second excited state of the system.
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