
PHYS 412 Spring 2015 Supplemental Material I

This supplemental material is not a homework assignment in that you do not have to turn in personal work. However
you are responsible for the content. It is a good idea to consider homework 7 and supplemental materials 3 and 4 for PHYS
411. You can find those documents from the 411 internet page.

In quantum mechanics symmetries which are operations that should not change the physics at hand, must be realized by
unitary operators acting on the Hilbert space of states and operators. This is so because if |Ψ′〉 = U |ψ〉 one readily has

〈Ψ′|Ψ′〉 = 〈Ψ|U†U |Ψ〉 = 〈Ψ|Ψ〉

if one is given that U†U = 1.
Let us now remember the spatial angular momentum operators defined as ~L = ~R × ~P with ~P = −i~~∇ in the position

representation. One can easily show that canonical commutation relations of ~X and ~P will yield.

[Li, Lj ] = i~εijkLk
As we have seen previously there are various operators of concern. Let us remember for instance the position operator.

One can show that

[Li, Xj ] = i~εijkXk

Let us define 3 different matrices as follows M(i)jk
≡ εijk. Surely all three M(i) are anti-symmetric. It is now immediate

to show that [
~θ · ~L,Xa

]
= i~AabXb

with Aab ≡ θiM(i)ab
= θiεiab, and thus AT = −A.

Now let us focus on objects of the following type

U = exp

(
i

~
~θ · ~L

)
One, using Baker-Campbell-Hausdorf lemma, can show that

UXiU
† =

(
eA
)
ij
Xj ≡ OijXj

do this exercise for personal benefit. Every operators that has a commutation relation like that of ~X with ~L will be
transformed as above and they are called vector operators.

Since AT = −A one can show that OTO = I. These type of transformations are exactly those that while changing
orientation do not change the length of a vector: Rotations.

So one can safely say that spatial angular momentum operators are generators of rotations for 3-vectors.
Of course there are operators that commute with the angular momentum operators. For instance we have seen that

operators like P 2 and V (R2) commute with the angular momentum operators. So we have the trivial assertion that[
~L,A

]
= 0 −→ UAU† = A

That is they are invariant operators under rotations.
Remember that defining ~S = ~~σ/2 one can demonstrate that these operators obey the same algebra as the angular

momentum operators

[Si, Sj ] = i~εijkSk
As usual one can pick S2 and Sz as the maximal set of commuting operators here and study the structure. Surely we

must have [Li, Sj ] = 0 since these are completely different degrees. Now in analogy with the previous arguments one can
construct unitary operators of the form

V = exp

(
i

~
~θ · ~S

)
One can thus show the following

V SiV
† = OijSj

exactly as before.
To appreciate the possible differences let us focus on a simple form of the matrices U and V : Let us simply pick ~θ = ϕk̂

and ask about the period of rotations.
For spatial angular momentum we know that the eigenvalues of Lz are integers. So

ei(θ+2π)Lz/~ = eiθLz/~ei2πLz/~ = eiθLz

1



Which is what we expect. After rotating by 360 degrees we end up with the same system as if no operation is performed.
Matter are very different for Sz since its eigenvalues are ±~/2 and thus

ei(θ+2π)Sz/~ = eiθSz/~ei2πSz/~ = −eiθSz/~

So we do not come back to the same situation with a 360 degree rotation! We need one of 720 degrees to achieve that.
As bizarre and quite unexpected it is such a quantum number is observed and is called the spin. It is related to relativistic1

symmetries which we shall not elaborate.
Since now we know that an object can both have spin angular momentum and spatial angular momentum we need to

ask what is the total angular momentum.

One can easily show that since
[
~L, ~S

]
= 0 the quantity defined as ~J ≡ ~L + ~S obey the same commutation relations as

before. That is one has

[Ji, Jj ] = i~εijkJk
Of course one has [Ji, Sj ] 6= 0 and [Ji, Lj ] 6= 0 and one can not use the same set of eigenstates as before. The complete

set of commuting operators are J2, L2, S2 and Jz. Since we have elaborated on the addition of angular momenta quite a bit
I refer to the homework assignments and supplemental materials of the previous semester.

In complete analogy to the analysis above let us define

U = exp

(
i

~
~θ(~L+ ~S)

)
Since ~L and ~S commute we thus have

U = UV = V U

and for instance

UJiU† = OijJj

We are now equipped to ask the following? Is the operator ~L · ~S rotationally invariant in this generalized sense? We need
to calculate

U~L · ~SU† = ULiU
†V SiV

† = OiaOibLaSb = OT
biOiaLaSb = δbaLaSb = ~L · ~S

since O is an orthogonal matrix.
Surely a much shorter way is the following: ~L · ~S do not commute with ~L nor with ~S but it does commute with ~J and

hence is invariant under the action of U .
Therefore we say that in the presence of spin angular momentum the generator of rotations is the total angular momentum

which contains both the spatial and spin angular momenta.

Now let us forget physics a bit and try to understand the meaning of that − sign that comes after a rotaion of 360 degrees
for spin 1/2.
Consider the object h = xaσa where σ’s are the Pauli matrices. Due to the hermiticity property of the Pauli matrices one
has h† = h. Furthermore one has Tr(h) = 0. More importantly one can show that

Det(h) = x2 + y2 + z2

Now let us consider the similarity transformations of h via h′ = UhU† where U is a 2x2 unitary matrix of unit determinant.
That is one has U†U = UU† = I and hence U† = U−1. Surely one can also expand h′ = x′aσa. Using the fact that one can
not change the trace and the determinant via a similarity transformation one has first of all Tr(h′) = 0 and

Det(h′) = x′
2

+ y′
2

+ z′
2

= x2 + y2 + z2

So we must have

x′i = Oijxj

with O an orthogonal matrix OTO = I.
So the unitary transformations U induce an orthogonal transformation O acting on ~x.

On the other hand we also have

x′aσa = xbUσbU
†

Multiplying the equation by σj and taking the trace -making use of σiσj = δij + iεijkσk- we shall arrive at

x′i =
1

2
Tr
[
σiUσjU

†] xj
1Gallilean or Lorentzian. (Note added to avoid unnecessary confusions. However one must bear in mind that the Gallilean symmetries are the

c → ∞ Wigner-İnönü contraction of Lorentz symmetries.)
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and hence

Oij =
1

2
Tr
[
σiUσjU

†]
Now, since the matrix UσiU

† is a traceless hermitean matrix, it can be expanded using the basis of Pauli matrices again
and thus one has

UσiU
† = Gijσj

and it can be shown that G = O−1.
So we arrive at the final relation

UOijσjU
† = σi −→ Oijσj = U†σiU

which we duplicate using all relevant indices

Uaa′U
†
b′bOij σj

a′b′ = σi
ab

Where the ab indices refer to the matrix elements of the Pauli matrices. So the moral of the story is: Pauli object (to
refer separately to matrix elements as well) are invariant when all indices are transformed accordingly.

Now let us go back to the mapping O that U induces. The question is is there a unique U for all O? The answer is
simple; since we have found that

Oij =
1

2
Tr
[
σiUσjU

†]
it is clear that U and −U induce the same transformation O. −U is a proper element since it is unitary and since it is 2x2
it will have unit determinant if U has unit determinant.

We thus see that the map is 2-to-one and it is said that SU(2) (the group of special 2x2 unitary matrices) covers SO(3)
(the group of special 3x3 orthogonal matrices) two-fold. This is the reason why a spinor comes back to itself only after a 720
degrees rotation.
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