
PHYS 412 Spring 2015 Midterm Exam 1. Monday April 6th KB316
17:15-19:15

Absolutely no questions, no notes no gadgets. You must show all your work for
all your answers. And be tidy in your writing. Good luck.

1. 50 pts Consider a two dimensional system with a time-dependent hamilto-
nian given as

H = ~ω
(

1 εe−iΩt

εeiΩt −1

)
The state of the system can be written as a two dimensional complex vector as
follows (

u(t)
d(t)

)
So the Schroedinger’s equation will read

iu̇ = ωu+ εωe−iΩtd

iḋ = −ωd+ εωeiΩtu

• Define u(t) = e−iωtU(t) and d(t) = eiωtD(t) and show that the equations
become

iU̇ = εωe−iΩ̃tD

iḊ = εωeiΩ̃tU

with Ω̃ = Ω− 2ω.
• Show that the following relations hold

Ü + iΩ̃U̇ + ε2ω2U = 0

D̈ − iΩ̃Ḋ + ε2ω2D = 0

So both U and D are both expressed in terms of exponential functions, but
surely one must not forget that the original equations are the coupled first
order equations.
• Define s(t) = |u|2 + |d|2. Is ṡ = 0?
Answer. Showing it is not difficult, yes s(t) is constant in time which is a
direct consequence of the conservation of probability in quantum mechanics. If
you found it changing and did not redo the calculation -or put a comment such
as ”how weird”- you must go back to the basics and redo your readings. As a
simplification you could have realized that |u| = |U | and |d| = |D| which cuts a
few steps in the calculation.
• Assume that at time t = 0 one has u(0) = 0 and d(0) = 1. Find u(t) and
hence the amplitude to make a transition from the lower energy state to the
upper energy state. Now expand this result to lowest non-trivial order in ε.
Answer. from the second order versions of the equations we have seen that U
and D are exponential functions. The roots for U are as follows

λ(±) ≡ −i
Ω̃

2

[
1±

√
1 + 4ε2ω2/Ω̃2

]
Similarly one can find the roots for D
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i
Ω̃

2

[
1±

√
1 + 4ε2ω2/Ω̃2

]
= −λ(±)

So the solutions are of the following form

U(t) = αUe
λ(+)t + βUe

λ(−)t

D(t) = αDe
−λ(+)t + βDe

−λ(−)t

We are given that U(0) = 0 and D(0) = 1. But we also have the original
first order equations for the time evolution. Since we are interested in U(t) one
is enough. We shall get

iU̇(0) = εωD(0)

One will have the following solution for U

U(t) = αU
(
eλ(+)t − eλ(−)t

)
with

αU = −i εω

λ(+) − λ(−)

after some algebra one can show thta

U(t) = −iεωe−iΩ̃t/2 sin(Ωrt/2)

Ωrt/2

with Ωr ≡ Ω̃
√

1 + 4ε2ω2/Ω̃2. From this u(t) can be found from the definition

u = e−iωU . The transition probability will be |u|2 = |U |2.
Note that the expression for U(t) already involves ε as a factor. Thus a first

order expansion of |U(t)| will be

|U(t)| = |u| ≈ εω

∣∣∣∣∣ sin(Ω̃t/2)

Ω̃/2

∣∣∣∣∣
and thus the transition probability to this order will be (replacing the value of
Ω̃)

Pd→u ≈ ε2ω2

(
sin((Ω− 2ω)t/2))

(Ω− 2ω)/2

)2

• Now consider the same problem using time-dependent perturbation theory
taking the diagonal part of the full hamiltonian as Ho. That is calculate the
transition probability to the excited state given that at time t = 0 the system
is in the ground state.
Answer: From the hint below we have

i~cu(t) =

∫ t

0

dt′
∑
k

〈u|H ′(t′)|k〉eiωukt
′
ck(t′)

using cu(0) = 0. A first order iteration of this will therefore give us as we have
done in class
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i~cu(t) =

∫ t

0

dt′ 〈u|H ′(t′)|d〉eiωudt
′

using ωud = 2ω using the hint below -the difference of zero perturbation
energies- one finally has

icu(t) = εω

∫ t

0

dt′ ei(Ω−2ω)t′

The integral can be taken and the result gan be given the following form

cu(t) = εωei(Ω−2ω)t/2 sin((Ω− 2ω)t/2)

(Ω− 2ω)/2

which will therefore give the probability as follows

Pd→u = ε2ω2

(
sin((Ω− 2ω)t/2))

(Ω− 2ω)/2

)2

first order perturbation theory

As should be expected this matches with the lowest order expansion of the
exact result.

Hint: In a system with H = Ho + H ′(t), the exact time dependence of the
expansion coefficients are given as follows

i~cf (t) = i~cf (0) +

∫ t

0

dt′
∑
k

〈f |H ′(t′)|k〉eiωfkt
′
ck(t′)

with ωfk = (Ef − Ek)/~.

2. 20pts Consider a particle of mass m under the influence of the following
hamiltonian

H =
P 2

2m
+

1

2
mω2x2 − ε~ω

√
mω

~
x

• Calculate, for all the states, the changes in the energy eigenvalues in relation
to the hamiltonian with ε = 0 using first order non-degenerate time independent
perturbation theory.
Answer: As provided in the hints for this problem the first order perturbation
theory would yield

∆En = −ε~ω
√
mω

~

∫ ∞
−∞

dx ψn(x)∗xψn(x)

Since we know that in 1D bound state wavefunctions are real -see supplemental
from last semester- this resolves into

∆En = −ε~ω
√
mω

~

∫ ∞
−∞

dx xψn(x)2
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which is a manifestly odd integrand over an even region. So

∆En = 0 to O(ε)

• Now calculate the exact energy eigenvalues for all the states and compare with
your previous result.
Answer: The hamiltonian can be reexpressed as

H =
P 2

2m
+

1

2
mω2(x− x2

o)− ε2
~ω
2

with

xo = ε

√
~
mω

Defining x̃ = x − xo we see that [P, x̃] = −i~ which constitute the proof that
we have the same system as the quantum harmonic oscillator. Thus the exact
energy levels are

Eexact
n = ~ω(n+ 1/2)− ε2~ω/2

Since the corrections are exactly to order ε2 we do not expect a contribution
linear in ε and thus we have full accord with the first part.
• Calculate the exact ground state eigenstate. Does it have a term linear in ε
in a Taylor expansion around ε = 0?
Answer: The exact ground state energy can be shown to be

ψ0(x) =

√
α√
π
e−α

2x2/2

By various arguments you could have shown that the zero index hermite poly-
nomial must be a constant. For instance we know -see supplementals from last
semester- that if the potential is even the bound state eigenfunctions will be
either even or odd. Since the ground state is the one with no zeros we have
finished the argument.

Hint: If the hamiltonian is P 2/2m+mω2x2/2 the energy eigenvalues are ~ω(n+
1/2 with n = 0, 1, 2, · · · and the normalized energy eigenstates are

ψn(x) =

√
α√
π2nn!

e−α
2x2/2Hn(αx)

where α =
√
mω/~ and Hn(u) are the Hermite polynomials.

Also in non-degenerate time independent perturbation theory for the hamil-
tonian H = Ho +H ′ the shifts in the eigenvalues of Ho are given as 〈ψon|H ′|ψ0

n〉
for the n’th level.

3. 15pts If [Li, Lj ] = i~εijkLk and [Si, Sj ] = i~εijkSk and [Li, Sj ] = 0 show that

one has [~L · ~S, Ji] = 0 with Ji = Li + Si. Also show that [L2, Ji] = [S2, Ji] = 0.

Now for s = 1/2 calculate the possible values of ~L · ~S in the eigenbasis of the
operators J2 and J3.
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Answer: We know that j = l + 1/2 and j = l − 1/2 for l ≥ 0 and j = 1/2 for

l = 0. The quantity ~L · ~S = ~2(j(j + 1) − l(l + 1) − 3/4)/2 will be ~2l/2 for

j = l + 1/2 and −~2(l + 1)/2 for l ≥ 0. If l = 0 we have ~L · ~S = 0.

4. 15pts Consider a particle of mass m under the influence of the 1D harmonic
oscillator hamiltonian

H =
P 2

2m
+

1

2
mω2x2

We are given that the system is in the ground state. Suddenly the frequency
parameter is doubled. What is the probability to observe the ground state
energy eigenvalue after this change?
Answer: The hamiltonian is a different one after the change. So it has a
different energy its ground state in comparison to the hamiltonian before the
change. We have therefore to look for the overlap of the two ground states which
you can find in the hints for problem 2. The overlap is an integral

Co ≡
√
αα̃

π

∫ ∞
−∞

dx exp
[
−(α2 + α̃2)x2/2

]
=

√
2αα̃

α2 + α̃2
which is < 1 manifestly

with α̃ =
√

2α one gets

P = |Co|2 =
2
√

2

3

Some of you assumed that I asked what is the probability to measure the
same value of energy as before the change. A variant which was asked
in the first semester. But unfortunately the question is specific to the ground
state which has no meaning if detached from the hamiltonian it refers to.
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