
PHYS 412 Spring 2015 Midterm Exam 2. Monday Mon 11th KB316
17:15-19:15

Absolutely no questions, no notes no gadgets. You must show all your work for
all your answers. And be tidy in your writing. Good luck.

1. (15 pts) Consider 2N spin 1/2 non mutually interacting identical particles
of mass m under the influence of a 1D harmonic oscillator potential with
parameter ω. Find the ground state energy of the system.

ANS As we have done in class this is the following

2~ω
N−1∑
n=0

(n+ 1/2) = ~ωN2

2. (15 pts) Consider 2N spin 0 non mutually interacting identical particles
of mass m under the influence of a 1D harmonic oscillator potential with
parameter ω. Find the ground state energy of the system.

ANS As we have done in class this is the following

2N~ω/2 = N~ω

3. (20 pts) Consider two non mutually interacting spin 1/2 particles of mass
m in a 1D box of length L. Explicitly describe the ground state and first
excited state energies and the corresponding eigenfunctions. Use cross
product notation: for instance |+〉×|−〉 means the first spin is up and the
second is down.

ANS The ground state which has energy 2Eo with Eo = ~2π2/2mL2 is
the following

|g〉 × |g〉 1√
2

(|+〉 × |−〉 − |−〉 × |+〉)

which will mean after 〈x1| × 〈x2| the following

2

L
sin(πx1/L) sin(πx2/L)

1√
2

(|+〉 × |−〉 − |−〉 × |+〉)

For the excited state which has energy E = Eo + E1 which has energy
(1 + 22)Eo in the spin singlet we have the following situation

1√
2

(|g〉 × |e〉+ |e〉 × |g〉) 1√
2

(|+〉 × |−〉 − |−〉 × |+〉)

where |e〉 stands for the 1st excited state of the box.

For the spin triplet we have the following

1√
2

(|g〉 × |e〉 − |e〉 × |g〉)|T 〉
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with |T 〉 is any of the following

|+〉 × |+〉
1√
2

(|+〉 × |+〉+ |−〉 × |+〉)

|−〉 × |−〉

4. (20 pts) Consider a particle of mass m under the influence of a 1D har-
monic oscillator potential with parameter ω. The system is known to be
at the energy ground state. At time t = 0 the following perturbation
hamiltonian becomes operative

H(t) = εo

∞∑
n=0

(
eiΩt|n〉〈n+ 1|+ e−iΩt|n+ 1〉〈n|

)
At time t = T the perturbation is switched off. Find the probability, after
this time, that one will observe the first excited state energy? Repeat for
the second excited state energy.

ANS The Shroedinger’s equation for the expansion coefficients in terms of
the unperturbed hamiltonianHo -which is an oscillator with no degeneracy-
are as follows

i~cn(t) = i~δn0 +

∫
dt′eiwnkt

′ ∑
k

〈n|H(t′)|k〉ck(t′)

with wnk = (En − Ek)/~ = ω(n− k).

A first order perturbative approach will yield the following approximation
for cn with n 6= 0

i~cn(t) =

∫
dt′eiwn0t

′
〈n|H(t′)|0〉

For n = 1, the first excited state we shall get directly from the form of
H(t),

i~c1(t) = εo

∫ T

0

dt′eiωt′e−iΩt′ = εoe
i(ω−Ω)T/2

∫ T/2

−T/2

dt′′eiωt′′e−iΩt′′

which gives

|c1(T )|2 =
ε2o
~2

(
sin [T (ω − Ω)/2]

(ω − Ω)/2

)2

Since after t = T the perturbation is turned off this magnitude will not
change according to our usual time-independent hamiltonian results.

It is immediate from the form of the perturbing hamiltonian that to first
order only nearest neighbour states are connected and thus for n = 2 the
result of the first order perturbation theory gives zero.
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However it will have a non-zero result in second order perturbation ap-
proximation. You can see it as follows to second order the effect of the
perturbing hamiltonian H is first to raise the ground state to the first
excited state and second raise this to the second excited state. I did not
expect you to calculate this result but a mention of a non-zero result upto
second order perturbation approximation will earn you extra points.

Check the following result if you are interested,

|c2(T )|2 =
1

4

ε4o
~4

(
sin [T (ω − Ω)/2]

(ω − Ω)/2

)4

5. (30 pts) In one dimensions the Green’s function can be found and one has
the following for the solution of the wavefunction with scattering boundary
conditions

ψ(x) = ψo(x)− im

~2k

∫ ∞
−∞

dx′ eik|x−x
′|V (x′)ψ(x′)

with ψo = eikx. Assume also that the potential vanishes outside the region
x ∈ (−a, a).

• Use a perturbative approach such that you consider only the first
order effects of the potential and find the amplitude of the reflected
wave.

ANS In a first order perturbative approach we shall use ψo under
the integral and we shall have

ψ(x) ≈ eikx − im

~2k

∫ ∞
−∞

dx′ eik|x−x
′|V (x′)eikx

′

Since the potential has finite support we should have

ψ(x) ≈ eikx − im

~2k

∫ a

−a
dx′ eik|x−x

′|V (x′)eikx
′

We would like to evaluate this for x < −a to find the reflection
coefficient. In this region we therefore have, since x′ > −a,

ψ(x) ≈ eikx − e−ikx im
~2k

∫ a

−a
dx′ e2ikx′

V (x′) = eikx + re−ikx

and thus we have

r = − im
~2k

∫ a

−a
dx′ e2ikx′

V (x′)

• Find using the result above the reflection coefficient |r|2 for the square
potential given as V (x) = Vo for x ∈ (−a, a) and zero outside.

ANS We need to integrate
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Vo

∫ a

−a
dx′ e2ikx′

= Vo sin(2ak)/k

and thus

|r|2 =
m2V 2

o

~2k2

sin(2ak)2

k2
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