
PHYS 48R FALL 2014 HWA 3. Due Friday Nov 7’th.

We have shown that the generalization of equations of motion to special
relativity yields the following equations,

dE

dt
= ~f · ~u

d~P

dt
= ~f

these of course followed from

c
dPµ

ds
= Mµ

and
PµMµ = 0 since dm2/ds = 0

where ds = cdt/Γ(u) and Mµ is the Minkowski four-force with M0 = Γ(u)~f ·~u/c
and ~M = Γ(u)~f . Also remember that 1/Γ(u) ≡

√
1− u2/c2. Furthermore

P 0 = E/c with the following consitutive relations

E2 = P 2c2 +m2c4

~u = c2 ~P/E

For a massive particle we have

E = mc2Γ(u)

~P = m~uΓ(u)

whereas for a massless particle one has

E = |~P |c
~u = c2 ~P/E = P̂ c

so that one has |~u| = c always.

Motions in 1+1 dimensions. This means the space-time is really 1+1 dimen-
sional, all forces all velocities and acceleration and all Lorentz transformations
are along the unique direction which we take to be the x axis. In this part we
shall always assume this.

1. Consider a constant force given with respect to an inertial frame S as
~f = ı̂f with f > 0. Focus on the Minkowski four-force. Show that
MµMµ = −f2. Since this number is an invariant between inertial frames
in one dimension what can you say about f ′ in another inertial frame?

2. Now in view of the above we shall perform a much longer exercise. In
another frame that has relative velocity v = cβ with respect to S, the
Minkowski four-force is bound to be given as M ′0 = Γ(u′)u′f ′ and M ′1 =
Γ(u′)f ′. But these are related by the Lorentz transformations with pa-
rameter β. Use this transformation and find f ′ in terms of f . This second
approach surely is more general than the first one which would only help
you in 1+1 dimensions.
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3. Now let us consider the motion of a particle of mass m under a constant
force f > 0 in one dimensions.

(a) Assume the particle initially have zero velocity. Show that p(t) = ft.
From here find u(t). Express your result in terms of the dimensionless
quantity θ ≡ ft/mc.

(b) From the above result for u(t) find the acceleration a(t) ≡ du/dt.
Again express it in terms of the dimensionless time variable θ and an
overall constant that will fix the dimensions of a.

(c) Now from u(t) find x(t) assuming that x(0) = xo > 0. Express in
therms of θ and an overall constant to fix dimensions of x.

(d) Now, you should have previously found that f ′ = f in all frames for
this motion in 1+1 spacetime. The equations of motion retain their
form in all frames, that is one has

maΓ(u) +mu
dΓ

du
= f

Show that in an inertial frame that moves instantaneously with the
particle the acceleration is f/m.

(e) Now consider two arbitrary inertial -in 1+1 of course- frames. Show
that one has

a′Γ(u′)3 = aΓ(u)3

4. In the above system assume that the particle starts the motion with zero
velocity from an initial point xo. At that instant a laser blast is fired
toward the particle. Assuming the particle can keep the constant force
motion indefinitely can it escape the laser blast for all finite times? If so
what are the conditions on the parameters of the problem?

5. Consider two particles of mass m and energy speed cβ move toward each
other. Show that if

β =

√
1− 4m2

M2

Energy-momentum conservation allows the creation of a particle of mass
M . Interpret this condition.

6. Consider a particle with four-momentum PµPµ = M2c2 > 0. Show that
there always is a physical inertial frame where the spatial components of
the four-momentum will vanish. This is called the center-of-momentum
frame.

7. Another problem in 1+1. Consider a particle of mass m under a force
field given as ~f = 0 for x < 0 and ~f = −f ı̂ for x ≥ 0 and with f > 0. The
particle is incident from the left with initial velocity ~vo = ı̂cβo.

• How for does the particle penetrate the force field region.

• How long it takes for it to leave the force region and what is its
velocity as it leaves.

• Find the proper time between the entry and exit of the force region.
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8. Repeat the problem above for a massless particle. All equations are the
same, except E = |~p|c.

9. Note that this exercise involves more than one space dimension. Consider
a particle of mass m subject to a force given as ~f = f ı̂ where f > 0. At
t = 0 the particle is at the origin, that is xo = yo = 0 and it has initial
velocity ~uo = uô, that is the initial velocity is perpendicular to the force.
The equations of motion are

dE

dt
= mc2

dΓ

dt
= uxf

dpx
dt

= f

dpy
dt

= 0

• Show that

uy(t) = uo
Γo
Γ

where Γo is the gamma factor at t = 0.

• Show that

Γ =

√
Γo

2 + θ2

where θ = ft/mc.

• Find ux(t).

• Show that

x(t) =
mc2

f
Γo

[
−1 +

√
1 + z2

]
y(t) =

mc2

f
βoΓo ln

[
z +

√
1 + z2

]
where βo = uo/c and z = θ/Γo.

• Find y(x). Perform a Taylor series expansion for small x. Also
describe the form of the function as x→∞.

• Find the acceleration vector ~a ≡ d~u/dt and study its form for θ << 1
and θ >> 1.

• Fine the proper time associated with a clock travelling with the par-
ticle. That is

τ =

∫ t

o

dt′
√

1− ~u · ~u/c2

Express it in terms of z variable defined above. This of course is the
same for all inertial frames.

• We know the form of Minkowski four-force Mµ. Its components
are given as M0 = Γ~u · ~f/c and ~M = Γ~f where Γ is as usual
(1−u2/c2)−1/2. Now the Lorentz norm of this four-vector is frame in-
dependent. That is MµMµ is the same for all inertial frames. In an

instantaneous frame moving with the particle M ′µM ′µ = −~f ′ · ~f ′,
since ~u′ = 0 for this frame. In our original inertial frame it is
f2Γ2(u2x/c

2 − 1). Find |~f ′|, the strength of the force in the frame
of the particle.
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