
PHYS 48Z Spring 2015 Homework Assignment No:10, due Apr 29’th.

Let us remember two of our findings from the previous homework assignment

Xα(a)M(a)ij = M(a)ik(Tα)kj

with

(Tα)ij ≡
∂M(a)ij
∂aα

for a matrix representation M(a)ij of a group. Remembering the explicit expression for Xα(a),

Xα(a) ≡ µαβ(a)
∂

∂aβ

with

µα
β(a) ≡

(
∂ϕβ(a, b)

∂bβ

)
b=0

Thus we have a differential equation for the matrices M .
Now let us also remember that we have found the fact that the structure constants Cαβ

γ completely determine the
structure of the group near the identity. However this is not the whole issue and one can also find ϕ(a, b) function in all
of the group space with just the knowledge of µα

β . In particular this results in Eq. III.30 in Gürsey’s notes. As a result
of this the generators Xα(a) are defined for all the group space and obey the commutation relations with the structure

constants. The object µ(a)α
β

has a well defined inverse as a result of the group axiom which guarantees the existence of
inverse elements.
1a. Now let us perform a co-ordinate change in the group space Aα = Aα(a) in such a way that one has

∂M(A)ij
∂Aα

= M(A)ik(Tα)kj

First show that the necessary requirement for such a transformation is that one must have

µ(a)α
β ∂A

γ

∂aβ
= δα

γ

or better
∂Aα

∂aβ
= λ(a)β

α

with
λ(a)β

α
µ(a)α

γ
= δα

γ

One can integrate these equations to find A(a) with the condition that the origin remains the same A(0) = 0.
Show that such a variable change is only allowed if the algebra is fully commutative, that is the structure constants

vanish. Hint: To find the condition for integrability for A simply consider ∂2Aα/∂aβ∂aγ = ∂2Aα/∂aγ∂aβ and use Check
Eq. III.30 of Gursey’s book page 122.

Second show that a solution to the equation for the M(A) can be integrated to give

M(A) = exp (AαTα)

and thus the inverse is very nicely given as

M(A)−1 = exp (−AαTα) = M(−A)

1b. Now let us go back to the original equation

Xα(a)M(a)ij = M(a)ik(Tα)kj

which explicitly reads,

µα
β(a)

∂M(a)

∂aβ
= M(a)Tα

after suppressing the matrix indices of M and Tα.
We would like to solve this equation on a curve in the group space parameterized with a real scalar variable.
Now let us first multiply the equation above with a set of constants ωα and sum over α. So we have

ωαµα
β(a)

∂M(a)

∂aβ
= M(a)(ωαTα)

Or defining
vβ(a) = ωαµα

β(a)

we have

vβ(a)
∂M(a)

∂aβ
= M(a)(ωαTα)
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Thus we transformed the equation to a directional derivative equation along the vector field vα(a).
Now let us assume we solve this equation along a curve such that it satisfies

daα(s)

ds
= vα(a(s))

This curve is now such that its tangent at all points on it is given by the vector vα(a).
So the equation on this curve now reads

daα

ds

∂M(a)

∂aα
= M(a)ωαTα

which means

d

ds
M(a(s)) = M(a(s))ωαTα

Show that this one can be integrated -such that at s = 0 we are at the origin so that M is identity- to give after fixing a
convention to evaluate at s = 1,

M(s = 1) = exp (ωαTα)

The co-ordinates in the group space that would be identified with this element is to be found from the equations for the
curve that we have defined above evaluated at s = 1.

This is really just a single parameter subgroup along the direction of ωαTα. In principle one can pick other directions by
other choices of ω’s and exhaust the group elements. The inverse of the above matrix M(ω) is surely M(−ω).

We therefore see that the commutator structure of T matrices which gives the structure of the group near the identity is
enough to represent the group elements even for those far out from identity.

Now consider the following object which we have previously defined as the group commutator M(ω)M(ω̃)M(−ω)M(−ω̃)
Expand this object to lowest non-trivial order and interpret.
2. In the linear representations we are considering the generators Tα are generally acting as operators on an n dimensional
vector space. If we perform a linear invertible transformation of the basis in this vector space the operators transform
accordingly. In this example we consider this.

Define T̃α = STαS
−1 and show that one has [

T̃α, T̃β

]
= Cαβ

γ T̃γ

3. Now let us go back to the linear form of the representation we have found M = exp(ωαTα). Let us assume we perform a
linear invertible change of co-ordinates in the group space such that

ωα = Oβ
αω̄β

which would mean that the same group element is now represented as M = exp(ω̄αT̄α), with

T̄α = Oα
βTβ

Show that one has [
T̄α, T̄β

]
= Dαβ

γ T̄γ

with
Dαβ

γ = Oα
ᾱOβ

β̄O−1
γ̄
γ
Cᾱβ̄

γ̄

Thus this much ambiguity is always present in the definition of the structure constants.
4. A natural question then arises. What happens if we choose S in question 2 such that it is a representation of a group
element? That is what happens if we pick S = M(ωo) such that every group element is conjugated with S? Since in this
case S itself can be expressed as exp(ωo

αTα) we must have in view of the commutation relations of Tα,

T̃α = STαS
−1 = OαβTα

Using the commutators of T̃α show that in this case one must have

Cαβ
γ = OαᾱOββ̄O−1

γ̄
γ
Cᾱβ̄

γ̄

Which means that the structure constants are invariant under the conjugation action of the group on the generators.
5. So it is enough to study the representations of the matrix generators to study the full representations of the group. So
we are looking for matrices of arbitrary dimension that would satisfy the following

[Tα, Tβ ] = Cαβ
γTγ

Remember that the indices run from 1 to r where r is the dimensionality of the group space. Now let us define r × r
matrices for each α as follows

A(Tα)β
γ

= Cαβ
γ
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Using the Jacobi identity constraint on the structure constants Cαβ
γ show that one has

[A(Tα), A(Tβ)] = A([Tα, Tβ ])

where we have condensed notation and omitted indices for matrix multiplication.
Thus these r×r matrices furnish a representation which means that the structure constants furnish a representation. The

structure constants are very similar to the multiplication table for finite groups and thus this representation that we have
found is very similar to the regular representation for finite groups. Of course the analogy does not carry all the properties.
This representation of a Lie algebra is called the adjoint representation.
6. Now use the adjoint representation to calculate the following quantity which is manifestly symmetric

gαβ ≡ Tr [A(Tα)A(Tβ)]

and show that one has
gαβ = Cαµ

ρCβρ
µ

This object has well defined transformation properties under co-ordinate changes in the group parameter space. If it has
an inverse one can use it as a metric to raise and lower indices. Cartan has shown that the inverse exists as long as the
algebra is semi-simple: no abelian invariant subalgebras. Thus for these groups one can define a gαβ such that one has

gαβgβγ = δγ
α

Now construct the following operator

C ≡ gαβTαTβ
and show that it commutes with all the generators

[C, Tα] = 0

and thus via Schur’s lemma it must be a multiple of identity. These type of elements are called Casimir elements of an
algebra and we have shown that there exists at least one. There may be more of those. Hint: If a metric exists one can
define Cαβγ ≡ Cαβsgsγ and can show that it is anti-symmetric under the interchange of any two index. This is also true for
the object Cαβγ = Cabcg

aαgbβgcγ . Use this without proving it.
Cartan has also shown that if the group (semi-simple) space is compact an existing metric can always be put to the form

δαβ by a suitable choice of basis -which would of course change the structure constants without altering the structure. If the
group (semi-simple) is non-compact one can generally pick a basis such that one gets gαβ = diag(−1,−1, · · · , 1, · · · 1).

This much is enough for the generalities.

The Lie algebra of SU(2)
We have studied the lie algebra of SU(2) the group of 2x2 unitary unimodular matrices. We have seen that the group

parameter space is the surface of a four dimensional sphere and hence is compact. This group is also simple . We have
seen that the Pauli sigma matrices represent these matrices via exponentials. So that an arbitrary element of SU(2) can be
represented as

U = exp(i~a · ~S)

with ~S = ~σ/2.
We have seen that one has

[Sα, Sβ ] = iεαβγ′δγ
′γSγ

Now one can ignore the original setup and ask about the representation of objects that satisfy the same commutation
relations.

First of all let us construct the adjoint representations. To that end construct three 3x3 matrices in the following way

(Aα)β
γ

= εαβγ′δγ
′γ

and show their explicit matrix form. Justify their commutation relations satisfy the same algebra.
Now we can proceed. We are looking for objects that satisfy

[Jα, Jβ ] = iεαβγ′δγ
′γJγ

Or in explicit terms

[J1, J2] = iJ3

[3, J1] = iJ2

[J2, J3] = iJ1

One can show that the object J2 = (J1)2 +(J2)2 +(J3)2 commutes with all Jα. So a complete set of commuting operators
can be chosen to be J2 and J3. We have seen that defining the following operators are very useful
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J± ≡ J1 ± iJ2

and in terms of these one has

[J+, J−] = 2J3

[J3, J±] = ±J±

Now assuming the basis where J2 and J3 are diagonal in the following form

J2|j,m〉 = j(j + 1)|j,m〉
J3|j,m〉 = m|j,m〉

with
〈j′,m′|j,m〉 = δjj′δmm′

We have seen that 2j has to be an integer. That is one has j = 0, 1/2, 1, 3/2, 2, · · · . Also we have seen that for a given
value of j one has 2j + 1 different m values ranging from −j to j in integer steps. Furthermore we have shown that one has

J+|j,m〉 =
√
j(j + 1)−m(m+ 1)|j,m+ 1〉

J−|j,m〉 =
√
j(j + 1)−m(m− 1)|j,m− 1〉

For a fixed value of j one therefor has a 2j + 1 dimensional vector space spanned by the states |j,m〉. Furthermore one
can see these states as the canonical column unit vectors. Thus any operator acting on it can be represented as

A =
∑
m

∑
m′

Amm′ |j,m〉〈j,m′|

where one can see the numbers Amm′ as a matrix where one represents the states as column unit vectors as we have said.
A. Now assume j = 1 so we are in a three dimensional vector space. Find the matrices that represent J± and J3. Construct
J1 and J2 out of J± and check with the three dimensional adjoint representation you have previously found. What do you
see? Note that the way we constructed the different j values are such that J3 is diagonal. This is not necessarily the case
for the adjoint representation. To that end use the adjoint representation and diagonalize J3 there. Now you must have
complete equality between the j = 1 representation we have found -after of course choosing an ordering for the eigenvalues
for the diagonal form :).
B. Now consider the j = 1/2 representation and denote |1/2, 1/2〉 ≡ |+〉 and |1/2,−1/2〉 = |−〉. Construct the direct product
vector space and choose the following basis

|S, 0〉 ≡ 1√
2

(|+〉 × |−〉 − |−〉 × |+〉)

|T, 1〉 ≡ |+〉 × |+〉

|T, 0〉 ≡ 1√
2

(|+〉 × |〉 − |−〉 × |+〉)

|T,−1〉 ≡ |−〉 × |−〉

As we have discussed in lecture the product representation of the group element is such that the generator in the product
representation becomes the direct sum of the generators. In this particularly simple example this means

Jα = J (1/2)
α ⊗ I + I ⊗ J (1/2)

α

where J
1/2
α are the 2 dimensional representation of the algebra: The Pauli sigma matrices.

Explicitly show that Jα|S, 0〉 = 0, so it is really a singlet. Since all generators kill it any group element will have the
action of identity on it. It therefore transforms as if it is a representation with j = 0.

Now explicitly calculate the actions of J± and J3 on the triplet of states denoted by T and show that they behave in
exactly the same way as j = 1 representation would.

We have thus arrived at the decomposition

2⊗ 2 = 1⊕ 3

where the numbers denote the 2j + 1 values of a given representation with value j: that is the dimensionalities of these
representations.

One can construct the direct product of any two representations with given values j1 and j2. As we know from quantum
mechanics from addition of angular momenta, this direct product representation decomposes to representations with different
values of j. The possible values of j are {j1 + j2, j1 + j2 − 1, j2 + j1 − 2, · · · , j2 − j1} assuming j2 ≥ j1

The direct product of the irreps of su(2) algebra are in general reducible and the expansion coefficients in terms of the
irreps are called the Clebsch-Gordan coefficients and you can consult the following link for a nice table.
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http://pdg.lbl.gov/2014/reviews/rpp2014-rev-clebsch-gordan-coefs.pdf
Now consider j1 = 1 and j2 = 1/2 and construct its six dimensional direct product representations explicitly as we have

done in the previous example.
Now consider two j = 1 irreps and construct the direct product representation which is nine dimensional.
In both of these please first solve it yourself as we done in class by the application of the ladder operators J± and after

that consult the table.
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