
PHYS 48Z Spring 2015 Homework Assignment No:3, due Mar 4’th.

1. Prove that if a subgroup H has index 2 in the Lagrange’s decomposition of a group G then it must necessarily be an
invariant (normal) subgroup and thus one has the quotient group exists and given as G/H ≈ C2.

2. Prove that all subgroups of an abelian group G are invariant.

3. Prove that if an invariant subgroup H of a group G has an index which is a prime number p then the quotient group
is Cp.

4. Prove that C8, C4 × C2 and C2 × C2 × C2 are all distinct groups.

5. Show that the quotient group C9/C3 ≈ C3.

6. Prove that C9 and C3 × C3 are distinct groups. Note that even though C9/C3 ≈ C3 one does NOT have C9 ≈ C3 × C3.

7. Consider the generalization of the previous two problems for Cp2 and Cp × Cp where p is a prime number.

8. Consider the cyclic group Cpq where p and q are integers such that gcd(p, q) = 1; that is p and q are relatively prime.
Prove that Cpq ≈ Cp × Cq.

9. Find all abelian groups of order nG = 10 and nG = 12.

10. Consider the group D3 with defining relations r3 = f2 = rfrf = e. Discuss whether
{
e, r, r2

}
and {e, f} are invariant

subgroups or not.

11. Now consider the Cayley diagram of D3 and label each vertex of the diagram according to the left cosets of
{
e, r, r2

}
.

Repeat for the left cosets of {e, f}. Digress in relation to wheater the subgroup used in the coset expansion of the
group is invariant or not.

12. Repeat the problem above for C6.

13. A graph with no loops1 is called a tree. Can such a graph represent a group? Hint: think of the number of vertices.

14. Draw the Cayley diagram of C3 × C3. It may help to think in 3D.

15. Draw the Cayley diagram of a group with generators a4 = b4 = e and constitutive equations a2 = b2 = abab. Hint:

16. Draw the Cayley diagram of a group with generators r3 = f2 = e and rfrfrf = e. Hint: nG = 12, it may help to
think in 3D but not necessary.

17. Consider the objects obeying the relations i2 = j2 = k2 = ijk = −1. Find a 2x2 matrix representation of these objects.

1In mathematics jargon a loop is sometimes denoted as a single edge that starts and ends on the same vertex. I choose to call such an edge a
bubble. So a loop in our context is a path that starts and ends on the same vertex by visiting other vertices.

1


