
PHYS 48Z Spring 2015 Homework Assignment No:5, due Mar 18’th.

1. We have defined a matrix representation of a group to be reducible if it can be brought to block diagonal form via
similarity transformations. An irreducible representation is one that can not be brought to block diagonal form. In view
of this definition one dimensional representations, that is those that assign complex numbers to group elements, are
irreducible. Prove that all irreducible representations of abelian groups are one dimensional and no two are equivalent.
That is no two irreducible representations will exist such that the matrices are related via similarity transformations.

2. Find all irreducible representations of C2 × C2, C4, C6 and C3 × C2 by inspection (since we have not fully finished the
theory of representations).

3. Remember we have defined two elements a and b in a group G to be conjugate if there exists an element t such that
one has a = t−1 ? bt. The list of all elements conjugate to a has been called the class of a and it can be explicitly found
via

(a) = ∪nG
i=1gi

−1agi g1 = e

In particular (a) contains a. We have also shown that the intersection of any two class in a group is the null set. That
is the group is exhausted by non overlapping complexes in the following form;

G = ∪nC
i=1(ai) (ai) ∩ (aj) = ∅ for i 6= j

where nC is defined as the number of distinct classes of G.

• Of course this structure must also exist in a matrix representation of a group G. Show that two elements that are
in the same class must be represented with matrices that has the same trace. Note that we also have (e) = {e} for
any group G so one can define the dimensionality of the representation as the trace of the matrix that represents
the identity element.

• Show that in an abelian group the one has (aj) = {aj} for each j, and thus that in an abelian group one has
nC = nG.

• Now go back to problem 2 and count how many irreducible representations you found for each of those abelian
groups. Do you see a pattern?

4. Regular Representation: We can present the multiplication table of a group G in various ways. For instance let us
consider the following presentation

G/? e a1 a2 · · · anG

e e
a1
−1 e

a1
−1 e
...

anG
−1 e

The column is given in terms of the inverses but since we use all inverses it is the group itself (G−1 ≈ G) there is no
loss of generality: the table still contains the same information. We also choose to fill the table itself using the ai not
the a−1i . So what we read from the multiplication table above is of the form

ai
−1 ? aj = ak

As an explicit example for this type of presentation here is the multiplication table of C3:

C3/? e a a2

e e a a2

a−1 a2 e a
a−2 a a2 e

Now let us associate an nG × nG matrix to every element ak of the group with the following precise definition

R(ak)ij =

{
1 iff ai

−1 ? aj = ak
0 otherwise

Prove that this furnishes a faithful representation. That is show that one has∑
j′

R(ak)ij′R(al)j′j = R(akal)ij

of course the sum over j′ in the above represents the matrix multiplication. Note in particular that R(e) is an nG×nG

identity matrix. Also note that other than R(e) all matrices in the regular representation must have a vanishing trace.
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5. Explicitly construct the regular representation of C3 and diagonalize it. Since we are now fully diagonal every entry
must furnish a one dimensional irreducible representation. Do you think you recovered all the irreps we have found in
class?

6. Consider the group D3 defined via r3 = f2 = e and with rfrf = e (not rf = fr). We have formed a 2d representation
of it which is naturally found by considering the group as acting on a dihedral equilateral triangle. In the representation
we have found that f is diagonal. Now construct an equivalent representation where r is diagonal.
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