
PHYS 48Z Spring 2015 Homework Assignment No:7, due Apr 1’st. (Really!)

As we have seen one can construct what is called the Kroenecker product of two representations. If we have a representation
R[α] of dimensionality dα represented with dα×dα unitary matrices acting on a complex vector space Vα with dimensionality
dα and another one presented with index β. One can construct the product representation denotes R[α×β] acting on the
vector space Vα × Vβ by the direct product of the corresponding matrices. That is we have the matrices

M(g)[α×β] =M(g)[α] ×M(g)[β]

We also have the property that the trace of the direct product of two matrices is the product of the traces of the matrices
that are involved. That is

χ(g)[α×β] = χ(g)[α]χ(g)[β]

Now in principle the product representation is reducible and one therefore may ask what is its decomposition in terms of
irreps of the group. If the decomposition is as follows

R[α×β] =

nR⊕
γ=1

r(α, β|γ)R[γ]

Using orthogonality relations of the characters one as we have done arrive at

r(α, β|γ) =
1

nG

nC∑
i=1

niχi
[α]χi

[β]χ̄
[γ]
i

Here ni is the number of elements in the i’th class and a bar denotes complex conjugation.

1. Now let us consider the group D3 with presentation r3 = f2 = frfr = e. We know that it has 3 classes: (e) = {e},
(r) =

{
r, r2

}
and (f) =

{
f, fr, fr2

}
. We have found its character table to be,

D3 1(e) 2(r) 3(f)
1 1 1 1
11 1 1 −1
2 2 −1 0

• Find the decompositions of 11 × 11, 2× 11, 2× 2 and 2× 2× 2.

• Now concentrate on 2×2 which is acting on a four dimensional vector space. Let us label the basis vectors for the
two dimensional vector space where 2 acts as |i〉 and |j〉. These are really the unit vectors of the xy plane if you
wish to see it like this. Now the action of the generators is well know on this space: r rotates counter-clockwise
bye 2π/3 and f is simply a parity on x coordinate alone. Show that we have the followings

r|i〉 = −1

2
|i〉 −

√
3

2
|j〉

r|i〉 =

√
3

2
|i〉 − 1

2
|j〉

f |i〉 = −|i〉
f |j〉 = |j〉

Also the four vectors |i〉 × |i〉, |j〉 × |j〉, |i〉 × |j〉 and |j〉 × |i〉 form a basis for the four-dimensional vector space
where the product representation will act.

Now define the following orthonormal basis for the same vector space

|S〉 ≡ 1√
2

(|i〉 × |i〉+ |j〉 × |j〉)

|K〉 ≡ 1√
2

(|i〉 × |j〉 − |j〉 × |i〉)

|I〉 ≡ 1√
2

(|i〉 × |j〉+ |j〉 × |i〉)

|J〉 ≡ 1√
2

(|i〉 × |i〉 − |j〉 × |j〉)

Now consider the action of the product representation on each of these basis vectors. For instance, following the
rules of the Kroenecker product representation the action r on |S〉 is given as

r × r|S〉 =
1√
2

(r|i〉 × r|i〉+ r|j〉 × r|j〉)
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Now calculate all the actions of all the elements of the group on the set |S〉, |K〉, |I〉 and |J〉. Hint: It should be
enough to consider the actions of the generators alone. And show that |S〉 is completely invariant, |K〉 transforms
as if it is a one dimensional object affected by 11 and also show that the couple |I〉 and |J〉 transform in exactly
the same way as the couple |i〉 and |j〉 which are affected by 2. Interpret geometrically as we have done in class.

• Note that whenever we form the Kroenecker product representation using two irreps we may or may not recover
the trivial representation in the decomposition. If we do, this points at a group invariant since it represents a
possibly non-trivial object that is not affected by the action of the group. Here is an example that at the end will
look trivial. Consider the vector |v〉 = x|i〉 + y|j〉 that is affected by the 2 irrep. Now construct |V〉 = |v〉 × |v〉
which now should be affected by the 2× 2. It is influenced however in such a way that its component along |S〉
is not affected. Show that the component of |V〉 along |S〉 is (x2 + y2)/

√
2. Now it is not always as expected and

trivial as this. But if you want reconsider your result for 2× 2× 2; it should have one instance of 1 and it points
to to a possibly non-trivial third order invariant, construct this -if you want- using similar approaches as above.

You should hunt for a single vector that is left completely the same in the 8 dimensional vector space spanned by
objects such as |i〉 × |i〉 × |i〉, |i〉 × |i〉 × |j〉 etc. The study of the action of f first could make your analysis much
easier since the analogue of |S〉 -S stands for singlet by the way- here can not involve a triple that contain an odd
number of |i〉.

2. The coordinates of the four vertices of a tetrahedron -of side length 2- with its center of mass sitting at the origin can
be represented as (±1, 0,−1/

√
2) and (0,±1,−1

√
2). This object is invariant under A4 the group of even permutation

of four-objects. Now consider the following quantities for all four vertices

S2(~x) = x2 + y2 + z2

S3(~x) = xyz

S4(~x) = x4 + y4 + z4

S6(~x) = (x2 − y2)(y2 − z2)(z2 − x2)

Verify that S2 = 3/2, S3 = 0, S4 = 5/4 and S6 = 1/4 for all vertices. There is a polynomial relation of the form
6S6

2 = f(S2, S3, S4) and for this reason S6 is called a constrained invariant while the first three are called free invariants.

This is not an accident and is related to the group invariants -Read Ramond pp. 64-67 for a more elaborate exposition.

In fact any 3 vector -centered on the origin of course- with co-ordinates x, y, z when acted by the tetrahedral group
will have those values unchanged by the transformation! Feel free to take the 3D irrep of the tetrahedral group from a
source and act it on a 3 vector.
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