
PHYS 48Z Spring 2015 Homework Assignment No:8, due Apr 8’st.
eight

We have seen that for continuous groups one can see the group as a manifold where group axioms hold. Every point
in the group space represents an element of the group. So the group composition -what we called the product in the finite
groups- is an arbitrarily differentiable function on this space. Let us assume the dimensionality of the space of G is r. Then
every point on it can be assigned a co-ordinate. The composition must reflect he closure property

TaTb = Tc

And we have cν = ϕν(a, b) where r = 1, 2, · · · , r.
The group axioms applied to this arbitrarily differentiable function are as follows

• Associativity: ϕν(a, ϕ(b, c)) = ϕν(ϕ(a, b), c)

• Identity Element -which we assign to the origin of the co-ordiantes-: ϕν(a, 0) = ϕν(0, a) = aν .

• Inverse Element: ϕν(a, ã) = ϕν(ã, a) = 0.

The last relation should be seen as an equation for ã that must have a solution. Since we assume that the function ϕ
is smooth one can show that if Det(∂ϕν/∂bλ) 6= 0 is necessary and sufficient for a non-zero solution.

Now let us expand the composition law ϕ(a, b) up to and including third order elements in a and b. Show that the
existence of the identity element as the origin of the co-ordinates mandates the following form,

ϕν(a, b) = aν + bν + fναβa
αbβ + hναβγa

αaβbγ + gναβγb
αbβaγ +O(4).

Where summation over the repeated indices is implied. Note that g and h should be taken to be symmetric in their first two
lower indices since the anti-symmetric part here does not contribute to the function.

1. Now using this expansion and keeping it always up to and including O(3) terms show that after imposing the associa-
tivity condition, one -after suitable relabeling of dummy indices- has

Dναβγaαbβcγ = 0

where

Dναβγ = fνλγf
λ
αβ − fναλfλβγ + hναβγ + hνβαγ + gνβγα + gνγβα

Since a, b and c are arbitrary we must therefore have

Dναβγ = 0

Hint: In manipulating the long and tedious expressions involving the associativity condition be very slow and careful.
Also note that we shall at the end cut the expression to third order terms so no need to keep track of those that are
order four and higher. Since we shall cut the expression convince yourselves that it is only the f terms in ϕ that will
give us a cross-term from the associativity condition. With resolve it should not take too much time.

Now since Dναβγ = 0 so is its completely anti-symmetric part in αβγ. First due to their symmetries in the first two
indices h and g can not contribute to this fully anti-symmetric part so it must be a condition on only f !!. To calculate
the fully anti-symmetric part do the following symbolic index manipulations.

αβγ + γαβ + βγα− αγβ − βαγ − γβα

This will be a six term second order constraint on f . Now define the object which is anti-symmetric in its lower indices

Cλαβ ≡ fλαβ − fλβα

and show that the condition is

CνγλC
λ
αβ + CνβλC

λ
γα + CναλC

λ
βγ = 0

The rest of the equations from Dναβγ give a relation connecting f , g and h which is expected since the associativity
condition is a constraint on ϕ.

2. Now using the same expansion for ϕ and the equation ϕ(a, ã) = 0, show that to second order the inverse element’s
co-ordinates are given as

ãν = −aν + fναβa
αaβ +O(3)

Note that the anti-symmetric part of f does not have a say in the inverse!!
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3. Now consider the group commutator defined as Tu = TãTb̃TaTb which would mean that one has

uν = ϕν(ϕ(ã, b̃), ϕ(a, b))

use the results you have found so far to show that to second order one has

uν = Cναβa
αbβ +O(3)
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