
PHYS 48Z Spring 2015 Homework Assignment No:9, due Apr 15’th.

We have seen that the group composition law is cν = ϕν(a, b) with ν = 1, 2, · · · , r for an r parameter group -which would
have an r dimensional manifold (space is good enough for now) and that the associativity condition imposes the Jacobi
identity on the anti-symmetric part of the expansion coefficients fαβ

ν of ϕ to send order in the parameters a and b. We have
also seen that the generators defined as

Xα(a) ≡ µαβ(a)
∂

∂aβ

with

µα
β(a) ≡

(
∂ϕβ(a, b)

∂bβ

)
b=0

satisfy

[Xα(a), Xβ(a)] = Cαβ
γXγ(a)

with

Cαβ
γ = fαβ

γ − fβαγ

We have also noted that under the action of a small element of the group parametrized with δaα the infinitesimal change
of any function of the parameters F (a) undergoes a change

dF (a) = δaαXα(a)F (a)

justifying the name generators for Xα.
So far we remained in the group space and considered the action of the group on itself. But the group can also be thought

of acting on a vector space of dimensionality n parametrized with co-ordinates xi -which might be complex by the way!. The
transformations can be written as

x′
i

= f i(x, a)

for a group element parametrized with aν . We have also seen that in this instance one can define

X̃α(x) ≡ uiα(x)
∂

∂xi

with

uiα(x) ≡
(
∂f i(x, a)

∂aα

)
a=0

such that under an infinitesimal element parametrized by δa the change in any function of xi is given as

dF (x) = δaαX̃α(x)F (x)

1. Linear representations of the group: In this case we have a particular form for the transformation functions f i(x, a)
since we assume

x′
i

= M i
j(a)xj

Now define (
∂M i

j(a)

∂aα

)
a=0

≡ (Tα)ij

Thus we have defined r many n by n matrices which are constants and we have

X̃α(x) = (Tα)ij x
j ∂

∂xi

Show by explicit evaluation of the commutator that one has

[X̃α(x), X̃β(x)] = −([Tα, Tβ ])ij x
j ∂

∂xi
sign typo corrected

So we must go after the object ([Tα, Tβ ])ij . Now remember that the group properties must also be preserved in the
representations so that we have

M(a)ikM(δa)kj = M(ϕ(a, δa))ij

with ϕ(a, δa) = a+ da along with daα = µβ
α(a)δaβ again from the analysis from Gürsey.
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Show that the above end up yielding

Xα(a)M(a)ij = M(a)ik(Tα)kj

Hint: Remember that one can expand M(δα) since δa is small. Also ϕν(a, δa) = ϕν(a, 0) + µα
ν(a)δaα. Hence

M(ϕ(a, δa)) = M(a + µδa) ≈ M(a) + µ(∂M/∂a)δa since on the right hand side there is an expansion around a. And
you can equate like powers of δa.
and hence

[Xα(a), Xβ(a)]M(a)ij = M(a)ik([Tα, Tβ ])kj sign typo corrected

or using the results previously found

Cαβ
γXγ(a)M(a)ij = M(a)ik([Tα, Tβ ])kj sign typo corrected

Since this will hold for all M one must have using the action of a single Xα(a) on M(a) that we have previously found

[Tα, Tβ ] = Cαβ
γTγ sign typo corrected

the minus sign in the commutators of the X̃α’s can be attributed to the active or passive interpretation and at any rate it
can be made to disappear with X̃α(x) → −X̃α(x). This sign ambiguity is a bit my fault: Gursey uses a convention such
that T (a)T (b) is acting to the left in the transformation space. That is it reads first T (a) and then T (b). Here we ignored
this and used it on a vector space that acts to the right, this made the statement read in the transformation space as first
T (b) and then T (a). If on the other hand we have used x′i = xjM

j
i(a) -acting to the left but with a different placement of

the indices for the x’s in Gursey-, the sign in the commutators of X̃’s should be removed and all should now be fine. Give
it a try if you will. You may have to define the X̃α(x) operators via a quantity uiα(x) object. One could also make the
assumption contrary to Gursey’s acting to left so that we start right out acting to the right. In this case the function ϕ’s
arguments would switch places and thus in the antisymmetric part of the coefficient f involving the terms aνbλ would pick
a minus sign. All in all I think this was instructive.

We have thus shown that for the linear representation at least the sets Xα or X̃α or the matrices acting on the transfor-
mation space Tα all have the same commutator structure.
2. A representation of SU(2): We have seen that the group SU(2) requires three real parameters and its parameter space is
S3, the unit sphere embedded in R4. Consider the following parametrization of 2x2 unitary unimodular matrices,

U(~a) =
√

1− ~a · ~a I + i~a · ~σ

where ~σ are the Pauli matrices.

• Show that U†U = UU† = I and that det(U) = 1.

• Since closure demands U(~a)U(~b) = U(~c) we can extract ~c = ~ϕ(~a,~b). Do this.

• Find fαβ
γ and Xα(~a) and check their commutators.
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