
PHYS 48Z Spring 2015 Supplemental Material: Cayley Diagrams

Definition: Given a group G one can find a set of elements such that they are independent of each other and that all other
group elements can be written in terms of products of them. These elements are called the generators of the group and
relations among them can be called the constitutive equations. All such equations can be written as a product of combination
of generators which are equal to the identity element.
For instance for cyclic groups Cn there is a generator a such that an = e. Similarly for instance for nG = 6 we have found
that the group D3 is defined via r3 = e, f2 = e and rfrf = e which is manifestly non-abelian. On the other hand for
example C6 ≈ C2 × C3 can be defined via r3 = e, f2 = e and rf = fr and hence constitutes an abelian group. There is no
unique prescription for a presentation of a given group: For instance for C6 one can also define it via a6 = e with a = rf .
Once we assume that we know the number of independent generators of a group one can associate a graph for the group
in the following way. Start with a vertex, which one may call the e element of the group. This element can be multiplied
(by convention say from the right) with the generators and their inverses, this operation should take us to different elements
because the generators are not the identity elements. These newly found vertices will be other elements of the group and
they themselves can be multiplied by the generators and their inverses. Once we use all possibilities we shall end up with a
graph in such a way that the nodes represents the elements of the group and the directed edges will represent multiplication
with generators. One will have to use different colours for different generators.
As an example let us consider C3 which is defined via a3 = e.
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here each directed edge means multiplying with the generator a. So if we traverse a link in the opposite direction this means
we multiply with a−1. Note that the labelling of the vertices with the elements of the group is not necessary. In fact all the
information contained in the diagram above is also present in the following diagram

Note that the constitutive equation is obtained by traversing a loop in the graph: since in a loop we come back to the
same node the successive multiplications associated with the path should equal to the identity action.

As another example let us consider the group D2 which has two generators. Using the isomorphism D2 ≈ C2×C2 one can
thus see that the generators obey a2 = b2 = e and the constitutive equation is ab = ba, meaning that the group is abelian.
The Cayley diagram is the following,

Where we have made use of the following fact: If a generators is of period 2 the direction on this immaterial and such
generators will create edges in the diagram with no arrows on them. Note that all relations a2 = b2 = e and abab = e →
ab = ba can be read from the diagram.

Yet as another example let us consider D3 which presents us with a non-abelian group. The diagram is the following

Note that all possible loops in this diagram will yield one of r3 = e, f2 = e and rfrf = e (remember that f having period
two is described with a single undirected link but it is actually a loop).

Contrast this with C6 ≈ C2 × C3 which has the following Cayley diagram
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where all possible loops will give one of f2 = e, r3 = e and rf = fr.

To conclude we have the following correspondences.

• Group element ↔ Graph vertex.

• Generator ↔ Directed edges with a given color (no direction for a generator with period 2).

• A word: A series of multiplications of generators ↔ A path on the graph.

• Word for identity element ↔ A loop on the graph.

• Solvability of rx = s ↔ Graph is connected.

• Constitutive equations ↔ All loops.

Note that associativity is guaranteed since following a path which is a succession of edges is manifestly associative.
Thus Cayley diagrams are a bit easier to use than the exhaustion of the production table. Yet one has to decide on the

number of generators and their periods. Lagrange’s theorem is a help but surely not enough. We shall shortly talk about
various theorems concerning the existence of cyclic subgroups of a given group.
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