
PHYS 531 First HWA: Essentials 1.
I do not denote the operators with the fancy notation I use in class. Instead

I use capital letters for operators. We shall deal with only one space dimen-
sions. It is also very beneficial for you to read the ENTIRE chapters 2 and 3 of
CTvol1.djvu, where you will find the details that I have willingly or unwillingly
left out. Especially in regard to the observation of an operator which has con-
tinuous spectrum and the collapse of the state after the measurement. The case
of an observable with discrete spectrum as we have discussed is much easier.

You can assume the following is given

〈x|P |x′〉 = −i~∂δ(x− x
′)

∂x
(1)

〈x|p〉 =
1√
2π~

eipx/~ (2)

[X,P ] = i~ (3)

δ(x) =
1

2π

∫
dk eikx (4)

Along with the definitions we have made about the eigenstates of position
and momentum operators and their orthogonality and resolution of identity
relations.
1. Particle in a Box

This is such an important system I believe -barring angular momentum
(but occasionally including spin)- one can use only it to introduce quantum
mechanics. Some books do this via the oscillator -a very good idea indeed- but
the math of Hermite polynomials, I feel, might obscure the essentials.

The definition of a particle of mass m in a box of length L is

H =
1

2m
P 2 AND Ψ(x = 0, t) = Ψ(x = L, t) = 0 (5)

• Show that the normalized stationary states of the Schrödinger equation take
the following form

ψn(x, t) = e−iEnt/~ψn(x) (6)

ψn(x) =

√
2

L
sin(

nπx

L
) (7)

En =
~2π2n2

2mL2
(8)

Normalized surely means that∫ L

0

dx ψn(x, t)∗ψn(x, t) = 1

• Now let us assume somehow that the initial state of the system is given to be

Ψ(x, t = 0) =
1

2
[ψ1(x) + ψ2(x)]

• What is Ψ(x, t) ? Try to make a movie. If one of you makes one please
share it with others and the howto of it as well. For instance Mathematica has
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a Animate command. Before I usually did it in plain C and create an mpeg,
attempt this too if you want. It will only augment your skills...
• Calculate the following objects. Sorry for the explicit -and ugly- use of (t) to
denote time dependence. You may omit them if you want in your responses.

• 〈X〉(t) = 〈Ψ(t)|X|Ψ(t)〉 =
∫
dx Ψ(x, t)∗ x Ψ(x, t).

• 〈P 〉(t) = 〈Ψ(t)|P |Ψ(t)〉 = −i~
∫
dx Ψ(x, t)∗ ∂Ψ(x,t)

∂x

• 〈X2〉(t)

• 〈P 2〉(t)

• ∆X(t) ≡
√
〈X2〉(t)− 〈X〉(t)2

• ∆P (t)

• Calculate ∂
∂t 〈X〉. See that it is equal to 〈P 〉/m? Surely Ehrenfest theorem is

at work. Expectation values obey classical equations of motion.
• Calculate ∆X ∆P and show that it is larger than ~/2 for all times.

Now let us complicate things a little bit.

• Assume that the state of the system at time t = 0 is somehow known to be

Ψ(x, t = 0) = Nx(L− x)

• What is N?
One can surely expand this function in terms of the eigenfunctions of H in the
following way

Ψ(x, t = 0) =
∑
n

cnψn(x)

• Calculate cn. Give the numerical value for c1. Argue about this value com-
paring the shapes of Ψ(x, t = 0) and ψ1(x).
• Calculate all of the expectation values asked in the previous part, but only
for t = 0. Check the Heisenberg’s uncertainty relation again.

1. Free Particle

This system is a little bit more involved. It has certain delicacies due to
the fact that energy eigenvalues are now continuous. Yet physically there is
no harm in thinking that it is somehow the limit of a very large box. Before
going on please read pages 260-265 of CTVol1.djvu to get familiar with the
concept of collapse of the wavefunction when we have a continous spectrum and
an imperfect measuring device -one which is not capable of making a definite
eigenvalue reading.
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Technically, the hamiltonian of a free particle is simply H = P 2/2m without
the boundary conditions of the box.
• Show that the stationary states of the hamiltonian can be chosen to be -up to
an overall constant coefficient

exp

(
ipx

~
− i p

2t

2m~

)
The so called plane waves of definite momentum -because these are also the
eigenstates of the momentum operator P .

These states are not square-integrable but the general framework does not
change. For instance let us assume that the initial state of the system is given
to be a perfect position eigenstate

|Ψ(t = 0)〉 = |x〉

The evolution of this state is unambiguously given by the exact solution we
have found -for this time independent hamiltonian-

|Ψ(t)〉 = exp (−iHt/~) |x〉

This seems obscure since the hamiltonian involves the momentum operator
which is not diagonal in the position space representation. But we should not re-
ally dwell on too much math. Remember the only quantum question that makes
sense: Given an initial state -that is given something has been observed to have
some value and hence that the state has collapsed to the associated eigenstate-
what is the probability to measure some eigenvalue for an observable after some
time t.

So I will ask: How can I get a handle on the probability amplitude to measure
an exact position eigenvalue x′ for the free particle system given that at t = 0
an exact measurement of position eigenvalue has been made?

The answer is one of the postulates:

〈x′|Ψ(t)〉 which is given as 〈x′| exp (−iHt/~) |x〉

This particular quantity is called the propagator. Let us denote it as K(x−
x′, t). By inserting the identity operator in terms of the momentum eigenstates
show that one can arrive at the following expression -with some help using
analytical continuation (assume the time variable has an imaginary component
and after the integral, let it vanish).

K(x− x′, t) =

√
m

2πi~t
exp

[
im(x− x′)2

2~t

]
This object can be used to answer the following. Given that the initial state

is |Ψ〉 what is the probability that the state can be |Ψ̃〉 at time t = t. The
answer to this is obvious it is given by the norm of the amplitude A given as

A = 〈Ψ̃|
(
e−iHt/~|Ψ〉

)
The second part in the parenthesis is the action of the Schrödinger equa-

tion on the initial state |Ψ〉 the first part is its projection of the wanted state.
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Anyways you can actually use the resolution of identity in terms of the position
eigenstates to arrive at the following

A =

∫
dx′ dx′′ Ψ̃(x′′)K(x′ − x′′, t)Ψ(x′)

Now if we assume that Ψ(x) and Ψ̃(x) are square integrable, that is∫
dxΨ̃∗(x)Ψ̃(x) = 1

and that ∫
dxΨ∗(x)Ψ(x) = 1

it is very easy to see that the object A is a dimensionless number, what one
would like to call a probability indeed.

However if the initial and final states of interest are not square integrable
there is a slight problem:

Remember again 〈x′|e−iHt/~|x〉. This is supposed to give me the probability
amplitude for the original problem: given that initially position is measured
with the precise value x what is the probability to measure after some time t
that the position is measured to be x′ with a precise value? Yet the physical
dimensions of |K(x−x′, t)|2 is that of one over length squared -show this. Thus
to get a probability what we actually do is to define a measure over both x and
x′ such that the probability is dx dx′ |K(x− x′, t)|2.

As you see these delicacies are all connected to the fact that perfect position
states are not square integrable: If |Ψ〉 = |x = a〉 than the projection 〈x|Ψ〉 is
δ(x − a) which is not square-integrable. It also has a different physical dimen-
sions that a proper Ψ(x) since Dirac delta function is normalized just by itself∫
dxδ(x) = 1 not its norm squared. You can if you want also connect this to the

contrast between discrete probability distributions and continuous probability
distributions.

Nevertheless we can still understand physics by using these perfect states.
Let us consider the following. Assume a perfect position measurement is made
and position is measured to be x. Right after the state has to be a position
eigenstate |x〉. This state can be easily rewritten as

|x〉 = 1|x〉 =

∫
dp |p〉〈p|x〉 =

1

2π~

∫
dpeipx/~ |p〉.

So a pure position eigenstate is a superposition of momentum eigenstates
with expansion coefficients to be pure phases which have norm one. We can
thus say that an exact position eigenstate contains all momentum eigenstates
equally likely, in clear agreement with the Heisenberg’s principle of uncertainty.
Non-perfect position eigenstates

Now in practice an apparatus gives only a finite resolution in the position.
Consider the fiber tracking chambers of the CERN experiments. You do have
an inherent finite resolution due to the fiber diameter.

As a simplified version of an imperfect position measurement we can consider
the following
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Assume the apparatus is such that the position is measured to be equally
probable in the range X ∈ [xo − ε, xo + ε], with the mean value xo -a slightly
different apparatus than the one described in CTVol1.

Assume after such a measurement the state collapses to exactly what the
machine describes

Ψ(x, xo, ε) =
1

2ε
x ∈ [xo − ε, xo + ε] (9)

Ψ(x, xo, ε) = 0 otherwise (10)

We can also call this apparatus a state-preparator or if you want we are
changing the scope of what we mean by position. Note that this state is square-
integrable ∫

dxΨ(x, xo)∗Ψ(x, xo) = 1

Now that they are square integrable unfortunately they might overlap and
their orthogonality relations as well as resolution of identity is a little messed
up.

Furthermore these states are not very useful because the best functions to
the free particle are gaussians and this is rather closer to actual experimental
situation. So let us define the following

DEF: Assume an apparatus collapses the state of a particle to |pos, xo,∆〉
with the property that

〈x|pos, xo,∆〉 =

(
1

π∆

)1/4

exp

[
− 1

2D
(x− xo)2

]
• Show by using resolutions of identity in terms of the perfect position states
that 〈pos, xo,∆|pos, xo,∆〉 = 1.
• Calculate 〈pos, xa,∆|pos, xb,∆〉. It should read

exp

(
− 1

4D
(xa − xb)2

)
So these states are not orthogonal but as long as xa−xb is large the overlap

is not too important.
NOW for the longest integration you probably have made.
• Consider a free particle. Assume that at t = 0 its state has collapsed to
|pos, xa,∆〉. What is the probability that after some time t its measurement
with a similar apparatus will collapse it to state |pos, xb,∆〉.

Hints: Of course the Schrödinger equation evolves the initial state between
t = 0 and t = t. This is immediately given as

e−iHt/~|pos, xa,∆〉
The projection of this onto |pos, xb,∆〉 is the probability amplitude

A = 〈pos, xb,∆|e−iHt/~|pos, xa,∆〉
The actualy probability answer for the question is |A|2. You should use

appropriate insertions of the identity operator. Check that you get a pure
number of course.
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