
PHYS 531 Second HWA: Essentials 2 (plus a bit more). Due Oct 23’rd in class.

1. Quantum Harmonic Oscillator
The quantum harmonic oscillator (qho) is more central to quantum theory

than the particle in a box, not because there is a potential etcetera but its
mathematical structure finds a unique place in quantum field theory.

The hamiltonian of qho is

H =
1

2m
P 2 +

1

2
mω2X2

One can now go on and represent the resulting eigenvalue equation for the
stationary states as a differential equation and eventually end up with the use
of Hermite polynomials. Here we shall describe the algebraic structure hidden
behind it.

First of all let us define the following operator

a ≡
√
mω

2~
X +

i√
2mω~

P

evidently we have another operator

a† =

√
mω

2~
X − i√

2mω~
P

because X and P are hermitean operators. Note that a is not hermitean.
•1.1 Show that the Hamiltonian can be described as

H =
~ω
2

(
aa† + a†a

)
•1.2 Show that because [X,P ] = i~ one gets[

a, a†
]

= 1

•1.3 Show that using the above commutator one has

[H, a] = −~ω a[
H, a†

]
= +~ω a†

These last list of commutators are very important and we shall make heavy
use of them. First of all let us define the eigenvectors and eigenvalues of the
Hamiltonian to be

H|n〉 = En|n〉

where the eigenkets can of course be made orthonormal

〈n|m〉 = δnm

We shall make some use of the general knowledge of quantum mechanics.
First of all the quadratic polynomial is a confining polynomial and thus the
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particle is bound: no states for which the particle is unbound or no states for
which there is a continuum of energy eigenvalues. This of course means that the
energy eigenvalues are discrete and in this case there are a countable infinity of
discrete bound states. Since these are countably infinite there is a one-to-one
correspondence with the integers. So we can safely say that n above are integers.

Now
•1.4 By using

[
H, a†

]
|n〉 = ~ωa†|n〉 show that we get

H
(
a†|n〉

)
= (En + ~ω)

(
a†|n〉

)
the meaning of this is clear. If |n〉 is an energy eigenket with eigenvalue En then
a†|n〉 is also an energy eigenket with energy eigenvalue En + ~ω.
•1.5 By using a similar approach show that a|n〉 is an energy eigenket with
energy eigenvalue En − ~ω.
Now classically there is a miminum energy state: The particle sits at the bottom
of the potential with zero momentum. Even though this state does not carry
directly to quantum mechanics the notion of minimum energy eigenvalue is
absolutely meaningful. In fact this is another assumption for the stability of
theories: There has to be a lower bound for the energy otherwise the system
might fall down to lower and lower energy eigenstates releasing infinite energy
etc etc. In short this is a requirement for stability of theories. There is a lowest
energy state period.

Now if there is a lowest energy value and hence a corresponding eigenket
nothing can prevent us associating it with n = 0. The question than is the
following, since if we hit a to an energy eigenket we get another one with energy
lower by ~ω this procedure can not go on indefinitely. There has to be a state
on which the action of a no longer creates new eigenkets of energy.

This is the definition of the ground state and has the following form

a|0〉 = 0

This will surely mean 〈x|a|0〉 = 0.
•1.6 Show by using the definition of a in terms of the position and momentum
operators and the matrix elements of the momentum operators we have found
earlier that one ends up with(√

mω

2~
xψo(x) +

√
~

2mω

∂ψo(x)

∂x

)
= 0

where of course ψo(x) = 〈x|0〉.
•1.7 Show by solving this first order equation that

ψo(x) = N exp
(
−mω

2~
x2
)

•1.8 Find N by using the normalization condition.
•1.9 Now use

〈x|H|0〉 = Eo〈x|0〉

to show that Eo = ~ω/2.
Having found the ground state energy there remains to find all the others.

However this is now evident: We know for instance that
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a†|0〉

is another energy eigenvector with energy Eo + ~ω. The repetitive action of a†

on the ground state has a one-to-one correspondence with the integers. That

is,
(
a†
)k |0〉 is an energy eigenket with energy eigenvalue Eo + k~ω. Because of

this one-to-one correspondence with the integers we have full knowledge of the
countably infinite number of energy eigenvalues. They are

En = (n+
1

2
)~ω

This allows us to say the following

a†|n〉 = cn|n+ 1〉
a|n〉 = dn|n− 1〉

•1.10 Now by using some creativity -and along the way assuming that cn and
dn are real show first the following

cn = dn+1

and next

dn =
√
n

So ultimately we have

a|n〉 =
√
n |n− 1〉

a†|n〉 =
√
n+ 1 |n+ 1〉

•1.11 Now introduce the operator N ≡ a†a and show that

N |n〉 = n|n〉

this object is called the number operator.
•1.12 Describe the following

anm ≡ 〈n|a|m〉
a†nm ≡ 〈n|a|m〉

as infinite matrices in this abstract space of energy eigenkets. Go at most up to
n = 5 and m = 5.

Now since we know the action of a† we can create all the states by acting
on the ground state.
•1.13 Show that

|k〉 =
1√
k!

(a†)k|0〉

•1.14 Now use this relation in the position space in the following form

3



ψk(x) = 〈x|k〉 = 〈x| 1√
k!

(a†)k|0〉

to find the ψk(x) up to and including k = 3.

2. The Sudden Approximation
Even though a time dependent hamiltonian does not generally yield an exact

solution for the Schrödinger equation the sudden approximation yields a system
that can be exactly integrated in time.

Consider a system that is described with the following hamiltonian

H =

{
H< for t < 0
H> for t > 0

where both H< and H> are time independent.
The mathematical consistency requirement for this system is the continuity

of the wavefunction in time

|Ψ(t = 0−)〉 = |Ψ(t = 0+)〉

Other than this complication we have the usual framework. For instance
let us assume that the wave function at t = −τ -with τ a positive quantity- is
given. Shroedinger equation will evolve it as

e−iH<t/~|Ψ(−τ)〉

up until t = 0. After that the evolution will be given as

e−iH>t/~|Ψ(0)〉

and you must make sure you did satisfy the continuity of |Ψ〉 at t = 0.
Application 2-1.

Let us assume a two dimensional system where the hamiltonian is given as
follows

H =

{
H< for t < 0
H> for t > 0

where

H< ≡ Ho = Eo

(
1 0
0 −1

)
and

H> ≡ Ho + λH1 = Eo

(
1 0
0 −1

)
+ ε

(
0 1
1 0

)
where λ = ε/Eo. This is another very important system that can not only be
exactly integrated in time but also the eigenvectors can be studied exactly. This
makes it a good theoretical laboratory to contrast approximation methods such
as various forms of time dependent perturbation theories.
•2− 1.1 Find the normalized eigenvectors and eigenvalues of H< and H>.
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•2− 1.2 Answer the following question -pay attention to the wording-. Assume
that an energy measurement is made on the system and the measured value
was the ground state energy of the system at t = −τ -with τ > 0-, what is the
probability that at t = τ ′ -with τ ′ > 0 a measurement of the energy will yield
the ground state energy?
•2 − 1.3 Repeat the above question where the second measurement yields the
excited state energy. Show that of course these two probabilities add up to 1.
•2− 1.4 Answer the following question -pay attention to the wording-. Assume
that an energy measurement is made on the system and the measured value was
the ground state energy of Ho at t = −τ -with τ > 0-, what is the probability
that at t = τ ′ -with τ ′ > 0 the system be observed in the first excited state of
Ho.
Application 2-2. A particle of mass m is in a 1D box of length L. An energy
measurement yielded the ground state energy. After that the length of the box
is doubled suddenly. And after that an energy measurement is made. What is
the probability to observe the ground state energy of the system.
Application 2-3. A particle of mass m is under the influence of a harmonics
potential with parameter ω. An energy measurement is made and yielded the
ground state energy. After that suddenly the ω → 2ω somehow by an exter-
nal agent. After this change an energy measurement is made. What is the
probability to observe the ground state energy of the system.

3. First order time dependent perturbation theory
Remember that the generic problem is to solve

i~
∂

∂t
|Ψ(t)〉 = H(t)|Ψ(t)〉

This is so general that an analytical treatment is not possible. BUT never-
theless the evolution is unitary and |Ψ(t)〉 = U(t)|Ψ(0)〉 where U(t) is a unitary
operator. The problem is not that the evolution is approximately unitary, it is
to find an expression for U(t) in terms of the hamiltonian.

Anyways one class of problems fall into the following category

H(t) = Ho + λH1(t)

where λ is a small dimensionless number. In this case one can resort to approx-
imation methods that exploit the fact that λ is small.
to that end define

|Ψ(t)〉 ≡ e−iHot/~|ΨI(t)|rangle

•3.1 Show that one has

i~
∂

∂t
|ΨI(t)〉 = HI

1 (t)|ΨI(t)〉

where

HI
1 (t) = eiHot/~H1(t)e−iHot/~

This is called the interaction picture of quantum mechanics.
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•3.2 Show that the differential equation obeyed by |ΨI(t)〉 can be formally writ-
ten as an integral equation where the integration starts at t = 0 meaning that
the initial ket is provided at this time

|ΨI(t)〉 = |ΨI(0)〉+
λ

i~

∫ t

0

dt′HI
1 (t′)|ΨI(t′)〉

•3.3 Show that an approximation which is valid to first order in λ yields

|ΨI(t)〉 = |ΨI(0)〉+
λ

i~

∫ t

0

dt′HI
1 (t′)|ΨI(0)〉

Now we can answer a general class of questions of the following form
-Given that at t = 0 the system is in an eigenstate |i〉 of Ho with eigenvalue

of Ho being Eo
i what is the probability that it is observed in an eigenstate |f〉

of Ho with energy eigenvalue Eo
f at time t. This question is meaningful in many

physical ways and of course the central ingredient is that the action of H1 is
small!!

The answer to the question above is surely

Ai→f = 〈f |Ψ(t)〉

•3.4 Show that with |Ψ(0)〉 = |i〉 one has

Ai→f = e−iE
o
f t/~

(
δif +

λ

ih

∫ t

0

dt′ eωfit
′
〈f |H1(t′)|i〉

)
where

ωfi =
1

~
(
Eo

f − Eo
i

)
surely for f 6= i the probability simplifies a lot and we have

P = |〈f |Ψ(t)〉 =
λ2

~2

∣∣∣∣∫ t

0

dt′ eωfit
′
〈f |H1(t′)|i〉

∣∣∣∣2
Application 1 Now go back to the 2-1.4 of the previous section. You have
treated it exactly. Expand your answer to first order in λ = ε/Eo. Now use the
formalism of first order perturbation theory developed in this section. Contrast
your results.

4. A case study with a more realistic system
Consider a system with a hamiltonian defiened as follows

H =

 Ho for t < −τ
Ho +H1 for − τ < t < τ

Ho for t > τ

where τ is a positive time parameter and we also have

Ho = Eo

(
1 0
0 −1

)
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and

H1(t) = ε

(
0 1
1 0

)
•4.1 Give an exact answer to the following. Assume that an energy measure-
ment at t = −2τ yielded the ground state energy of the system. What is the
probability that a measurement of energy will yield the excited state energy of
the system at t = 2τ?
•4.2 Use first order perturbation theory for the question above. be careful.
Contrast your results by expanding the results of the previous question to first
order in ε/Eo.
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