
PHYS 531 Third HWA: Angular Momentum. Due Oct 30’th in class.

1. Commutation Relations
In classical mechanics angular momentum of a point particle is defined as

~L = ~r × ~p

Assume the definition above works as an operator relation in quantum mechan-
ics.
1-0. Show that ~L is a hermitean pseudo-vector operator. Research the meaning
of pseudo. Hint: As usual it must be a name to classify the behaviour of the
object under an operation.
1-1. In a cartesian system use the following -where the latin indices are to be
taken from the set {1, 2, 3}-

[Xi, Xj ] = 0

[Pi, Pj ] = 0

[Xi, Pj ] = i~ δij

to show that

[Li, Lj ] = i~
3∑
k=1

εijkL
k

Where a number of remarks on conventions are necessary. First of all the εijk
object is the completely antisymmetry Levi-Civita symbol. If any of the indices
have the same value it vanishes. The cases where it does not vanish happen when
all the ijk take different values. The canonical normalization is the following

ε123 = +1

Furthermore any odd permutation reverses the sign and any even permutation
does not reverse the sign. The following should serve as examples of even and
odd permutations

ε213 = −1

ε231 = +1

Now see that I have used a seemingly obscure object Lk on the right hand
side as opposed to Li and Lj on the left. The distinction between upper and
lower indices is important but is somewhat trivial in a euclidean space -which
is a Riemann flat space- But it is important that you get used to the notion
that only an upper index and a lower index can be contracted. In the euclidean
space you can raise the indices with to change in the elemets. For instance

ε12
3 = +1

and so on.
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Furthermore there is a notational short cut called the Einstein summation
convention which simply omits the summation signs. So whenever an upper
index and a lower index get the same abstract name they are though to be
summed. This convetion thus will makes us write

[Li, Lj ] = i~ εijkLk

and we will be free of the accumulating summation signs.
1-2. Define

L2 ≡ LiLi

and show that [
L2, Li

]
= 0

2. The Algebra Structure and Spherical Harmonics
Since you have studied the algebra structure of the quantum harmonic os-

cillator, the study below should not be a surprise.
First of all it is clear that a complete set of commuting observables can be

canonically chosen to be L2 and Lz. Thus we can label the eigenstates with the
eigenvalues of these operators.

Thus let us define the eigenvectors as

L2|lm〉 ≡ ~2l(l + 1)|lm〉
Lz|lm〉 ≡ ~m|lm〉

You should convince yourselves that the definitions above do not reduce the
generality of the approach since we have not yet solved what l and m might
be. Surely however l and m have to be generally real since the operators are
hermitean. Furthermore since L2 is definitely a semi-positive operator -meaning
the eigenvalues of L2 have to be greater or equal to zero- we must have l(l+1) ≥ 0
which will mean either l ≥ 0 or l ≤ −1 right from the outset.
We also can assume that the eigenkets are normalized and form the resolution
of identity

〈lm|l′m′〉 = δll′δmm′∑
lm

|lm〉〈lm| = 1

Now let us define

L± ≡ Lx ± iLy

where of course L+† = L−.
2-1. Show that the algebra structure can be written as

[
L+, L−

]
= 2~Lz[

Lz, L
±] = ±~L±
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2-2. Show the following

L2 = L+L− + Lz
2 − ~Lz

L2 = L−L+ + Lz
2 + ~Lz

2-3. Now using [Lz, L
±] = ±~L± show that

Lz
(
L+|lm〉

)
= ~(m+ 1)|lm〉

Lz
(
L−|lm〉

)
= ~(m− 1)|lm〉

which of course means that if |lm〉 is an eigenvector of Lz with eigenvalue
~m, so is L±|lm〉 with eigenvalue ~(m ± 1). For this reason L± are called the
ladder operators -like the a and a† operators of the quantum harmonic oscillator
algebra.

Now since the range of eigenvalues of L2
z are bounded by the value of L2,

that is 〈L2〉 ≥ 〈L2
z〉 for any state in the vector space of |lm〉, we must have an

end for the raising and lowering actions of L±. To that end we define

L+|lmH〉 = 0

L−|lmL〉 = 0

2-4. Show that the solution that makes sense is

mH = −mL = l

and that since this travel from −l to l has to happen by an integer number of
action of L+ this means that 2l ∈ N . Consequently

l ∈ {0, 1/2, 1, 3/2, 2, 5/2, · · · }

and thus the number of possible m values for a given l is 2l + 1.
2-5. Define

L+|lm〉 ≡ clm|l m+ 1〉
L−|lm〉 ≡ dlm|l m− 1〉

and find clm and dlm. Note: the expression for L∓L± will be helpful.
2-6. Now argue that

〈~r|lm〉 = 〈r, θ, φ|lm〉

can be written as

〈|lm〉 = f(r)〈θ, φ|lm〉

and since we require normalization we can let

Ylm(θ, φ) ≡ 〈θ, φ|lm〉
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Now show using the algebra structure we have found so far that the expres-
sion

〈θ, φ|Lz|lm〉 = m~〈θ, φ|lm〉

means

Ylm(θ, φ) = Nlme
imφ Plm(θ)

where Nlm is a normalization factor that we chose to be real.
2-7. Now use

〈θ, φ|L±|l,±l〉 = 0

and find Yl,±l(θ, φ). Hint: You must use the cartesian definitions to act on
functions of radial variables, that is make a coordinate transformation.
2-8. Repeat the following for l = 1/2 and l = 1.

Find Yl,−l(θ, φ) and act on it by L+ as much as necessary to find all the Ylm
for the given l.
3. A Canonical Application

The classical hamiltonian for a rigid rotator -a dumbell for instance- can be
described as

H =
1

2I
L2

where L2 is the angular momentum vector squared and I is the moment of
inertia of the object.
Thus the energy eigenvalues are immediately given as

El =
~2

2I
l(l + 1)

and the corresponding eigenvectors are Ylm(θ, φ). Note that this is the first
example where energy eigenvalues are degenerate: the energy is the same for
all m = −l,−l+ 1, · · · , l− 1, l values for a given l. The degree of degeneracy is
2l + 1. We shall talk about degeneracies and their general properties either in
class or in a supplemental material. The issue of degeneracies is very important.
3-1. The stationary states of the system are of course

Ψ(θ, φ, t)lm = Nlme
−iElt/~ eimφPlm(θ)

and thus the probability distribution for the location of the particle -remember
that the radial distance is absent in this somewhat academical example- is given
as

|Ψlm|2 = N2
lmPlm(θ)2

Provide radial plots of these for l = 0, l = 1 and l = 2. Remember to provide
all plots for all possible m values as well.
3-2. Of course all linear superpositions will solve the Schrodinger equation. So
assume that at t=0 the state of the system is given as -this is just one example
feel free to investigate the others-
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|Ψ(t = 0)〉 =
1√
2

(|l = 0,m = 0〉+ |l = 2,m = 2〉)

Find |Ψ(t)〉 and make a movie of |Ψ(θ, φ, t)|2. Does it rotate? :)
4. Angular momentum as the generator of rotations
As a shortcut of all the previous analysis we have made on 〈x|Px|x′〉 we can
say that Px → −i~∂/∂x, without loss of generality. From this perspective the
action of Lz on functions of position variables is simply given by the differential
operator

Lz → −i~
(
x
∂

∂y
− y ∂

∂x

)
4-1. Show that (Lzx) = i~ y and that (Lzy) = −i~ x. 4-2. Now consider the
operator

Uβ ≡ exp(iβLz/~)

Show that it is unitary, and calculate its action of the coordinates: (Uβx) and
(Uβy).
4-3. Show that this action is equivalent to a linear transformation(

x
y

)
→
(
a b
c d

)(
x
y

)
What are a,b,c and d. Interpret this result in terms of operations on vectors

you surely already know.
This analysis can be generalized to contain all Li. In sexy terms we say that

when we exponentiate a Lie Algebra we get a Lie Group.
Just to get an insight of what a group is do the following

4-4. Show that

UβUβ′ = Uβ′′ = Uβ+β′

(UβUβ′)Uβ′′ = Uβ (Uβ′Uβ′′)

Uβ=0 = 1

UβU−β = U−βUβ = 1

The firs relation contains the closure property -along with the combination rule
for this particular case-. The second relation is associativity and the last two
are related to the existence of an inverse operation and identity which simply
means no operation.
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