
PHYS 531 4th HWA: Scattering Theory
1. Generalities

Consider the Schroedinger equation

i~
∂Ψ

∂t
= − ~2

2m
∇2Ψ + VΨ

1-1. For V ∈ R show that the following hold

∂ρ

∂t
+ ~∇ · ~J = 0

where

ρ(~r, t) ≡ |Ψ|2

~J(~r, t) ≡ ~
2mi

(
Ψ∗~∇Ψ−Ψ~∇Ψ∗

)
Of course this means that for a stationary state Ψ(~r, t) = e−iEt/~ψ(~r one

simply has

~∇ · ~J = 0

a conservation law for the current -or flux to coin another term.
1-2. In a scattering experiment one can use the solutions of the stationary

solution with the boundary conditions suitable for the situation. One has an
incident plane wave and far away from the scatterer one expects an outgoing
spherical wave. We can thus immediately posit that we require

lim
r→∞

Ψ(~r, t)→ ei
~k·~r + f(θ, φ)

eikr

r

and call the second term ψsc; the scattered wavefunction.
In general we set ~k = kẑ but it is sometimes beneficial to remember this generic
form.

Now as we have discussed there is a little more to this boundary condition.
From the figure it is clear that the incident plane wave do have an extension of
d but by letting r very large compared to d we can totally ignore its effect for
θ different than 0 nd π radians. So the actual outgoing wave with amplitude
f(θ, φ) is alone for these regions.
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1-2.1 Calculate the current associated with ψsc for large values of r by us-
ing the gradient operator in the spherical co-ordinate and make the necessary
approximations. It will turn out that only the radial component of the current
is important and it will be

Jr =
~k
m

1

r2
|f(θ, φ)|2

Thus the number of particles scattered to an cross-sectional area given by
r2dΩ, where dΩ is the solid angle, is given by

NdΩ =
~k
m
|f |2dΩ

On the other hand the incident flux is F = ~k/m. Thus defining

dσ ≡ N

F
dΩ

we can get

dσ

dΩ
= |f |2

The quantity on the left-hand side is called the differential cross-section. It has
units of area.

One can now perform an experiment and get information -the function f-
about the object at the center responsible for the scattering or given that one
knows the object and hence has calculated the function f get confirmation about
the theory.

Thus the task is now to compute the function f, which is simply the task of
finding the stationary energy states of a hamiltonian with a time independent
potential given the boundary conditions.
2. One dimensional examples

2-1. An important point about the structure of energy eigenstates in one-
dimensions.

Let us assume that we have two solutions for a given energy E. That is we
have

− ~2

2m
ψ′′1 + V (x)ψ1 = Eψ1

− ~2

2m
ψ′′1 + V (x)ψ1 = Eψ1

show that this means

ψ2ψ
′
1 − ψ1ψ

′
2 = const

the object on the left is called the wronskian after Wronski. It’s form is surely
related to the current.

However if the functions is to vanish at x = ±∞ as we expect for bound
states -no current leak- this means that the constant above has to vanish. We
thus can say that ψ2 is not linearly independent of ψ1. The important corollary
is that in one dimensions the energy eigenvalues can not be degenerate!
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On the other hand if ψ is an energy eigenfunction so is ψ∗ because it satisfies
the equation with the same E -surely true since E is real if V is real from
hermiticity. But we can of course let ψ∗ = ψ2 in the argument above and
conclude that ine one dimensions the bound state eigenfunctions are real.

Of course if the constant in the wronskian does not vanish we can not say
these things and ψ and ψ∗ are different and there is a current at infinities.
This of course follows from the fact that for stationary states the conservation
equation is simply

j = const

with

j =
~

2mi

(
ψ∗ψ′ − ψψ∗′

)
2-2 The Dirac delta potential. Assume that

V (x) = EoLδ(x)

where we assume Eo and L to be positive numbers. One can show that there
are no bound states here and we will be considering only the scattering.
2-2.1 Show that by integrating the eigenvalue equation around the origin and
using the fact that ψ has to be continuous one will get

ψ′(0+)− ψ′(0−) =
2mLEo

~2
ψ(0)

of course along with
Now assume the following ansatz for the solution

ψ(x) =

{
eikx + re−ikx x < 0

teik
′x x ≥ 0

where E = ~2k2/2m.
2-2.2 Find r and t
2-2.3 Calculate the current for x < 0 and x ≥ 0 and show that the continuity
of the current means

1− |r|2 = |t|2

show that with the results you have found this is satisfied.
2-2.4 Plot |r|2 and |t|2 in terms of E
2-3. Repeat the procedure above for

V (x) =

 0 x < −L/2
Vo − L/2 ≤ x ≤ L/2

0 x > L/2

Use E > Vo, again plot |r|2 and |t|2 in terms of E
2-4. Repeat the procedure above for

V (x) =

{
0x < 0
Vox ≥ 0
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Use E > Vo, again plot |r|2 and |t|2 in terms of E.
2-5. Go back to the Dirac Delta case but this time with

V (x) = −EoLδ(x)

Find the unique normalized bound state with negative energy.
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